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Abstract. We improve on the abstract estimate obtained in Part 1 by assuming that 
there are constraints imposed by 'overlapping momentum loops'. These constraints are active 
in a two dimensional, weakly coupled fermion gas with a strictly convex Fermi curve. The 
improved estimate is used in another paper to control everything but the sum of all ladder 
contributions to the thermodynamic Green's functions. 



* Research supported in part by the Natural Sciences and Engineering Research Council of Canada and the 
Forschungsinstitut fiir Mathematik, ETH Ziirich 



Table of Contents 



§V Introduction p 1 

§VI Overlapping Loops p 2 

Norms p 2 

Ladders p 5 

Overlapping loops for the Schwinger functional p 7 

Configurations of Norms with Improved Power Counting p 11 

§VII Finding Overlapping Loops p 15 

Overlapping loops created by the operator TZk,c P 15 

Tails ' p 22 

§VIII The Enlarged Algebra p 32 

Definition of the enlarged algebra p 34 

Norm estimates for the enlarged algebra p 36 

Schwinger Functionals over the Extended Algebra p 37 

A second proof of Theorem IV. 1 p 39 

The Operator Q p 41 

§IX Overlapping Loops created by the second Covariance p 44 

Implementing Overlapping Loops p 44 

Tails p 52 

Proof of Theorem VI. 10 in the general case p 60 

§X Example: A Vector Model p 71 

Appendices 

§C Ladders expressed in terms of kernels p 79 

References p 83 

Notation p 84 



V. Introduction to Part 2 



In the perturbative analysis of many fermion systems with weak short-range inter- 
action in two or more space dimensions, the presence of an overlapping loop in a Feynman 
diagram introduces a volume effect in momentum space that leads to an improvement to 
"naive power counting". For a detailed discussion of this effect and its consequences, see 
[FSTl-4]. For a short description, see subsection 4 of [FKTfl,§II]. In [FKTo3], we use non- 
perturbative bounds for systems, in two space dimensions, that are based on the cancellation 
scheme between diagrams developed in part 1 of this paper. In this second part, we modify 
the construction so that we can exploit enough overlapping loops to get improved power 
counting for the two point function and the non-ladder part of the four point function. As in 
part 1, the treatment is in an abstract setting, formulated using systems of seminorms. The 
postulated volume improvement effects are expressed in terms of these seminorms (Definition 
VI. 1). The main result for the renormalization group map is Theorem VI. 6. It follows from 
Theorem VI. 10, which is the main result on the Schwinger functional. 

The discussion of the renormalization group map in the first part of the paper is 
based on the representation developed in [FKTl] (which in turn evolved out of the represen- 
tation developed in [FMRT]). The representation of [FKTl] decomposes Feynman diagrams 
into annuli. The first annulus consists of all interaction vertices directly connected to the 
external vertices. The second annulus consists of all interaction vertices directly connected to 
the first annulus but not to the external vertices. And so on. See the introduction to [FKTl]. 
Overlapping loops that only involve vertices of neighbouring annuli are relatively easy to 
exploit. It turns out, that for the analysis of the two point function and the non-ladder part 
of the four point function, it suffices to use overlapping loops that involve only vertices of at 
most three adjacent annuli. A special case of Theorem VI. 10, for which this combinatorial 
fact is easier to see, is proven at the end of §VII. After some preparation in §VIII, the general 
case is proven at the end of §IX. In §X, we apply Theorem VI. 6 to a simple vector model. 
We also describe, by drawing an analogy with the vector model, how sectors can be used to 
nonperturbatively implement overlapping loops for many fermion systems. A notation table 
is provided at the end of the paper. 
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VI. Overlapping Loops 



VI. 1 Norms 

Again, let ^ be a graded superalgebra and A' = /\^ V' the Grassmann algebra in 
the variable ip over A. Also fix two covariances C and D on V. 



Definition VI. 1 Let || ■ || and || ■ ||impr be two families of symmetric seminorms on the spaces 
Am (8) F®" such that || ■ ||impr < || ■ || and ||/||impr = if / e ® F®" with m > 1. We say 
that (C, D) have improved integration constants c G Ot^, b, J e 1R+ for the families || ■ || and 
II ■ 1 1 impr of seminorms if c is a contraction bound for the covariance C for both seminorms 
II "11 and II • 1 1 impr, b is an integral bound for C and D for both seminorms and the following 
triple contraction estimate holds: 

Let n,n' > 3; 1 < zi,Z2,^3 < n and 1 < ji,j2,j3 < n' with zi,*2j*3 all different and 
3ii32i3z all different. Also let the covariances Ci,C2,C3 each be either C or D with at 
least one of these covariances equal to C. Then for f & Aq® F®"', f ^ Aq® V®"^' 



II Cone, Cone, Conc3 (/®/')|L^pr< </b^c 11/11 ll/'l 
Observe that Con^ Cone, Concg (/ ® /') ^Aq® y®(n+n'-6)_ 



^l—>■Jl *2^J2 13—^33 



Lemma VI. 2 Assume that (C, D) have improved integration constants c, b, J for the families 
II • II and II • llimpr of seminorms. Let ni, • • • , rir, n^+i, • • • , rir+s > 0, let 

/i(C«,---,C('^))GAo[ni,...,n,] 
/,(^(-+i),...,^('-+«))eAoK+i,---,n.+.] 

and let ii,i2,i3 £ {Ij'''^'^} (^i^d ji^ 32, js & {r + l,---,r + s}. Also let the covariances 
Ci, C2, C3 each be either C or D with at least one of these covariances is equal to C . Then 

< Jfij^nj^rij^ b'^c||/i|| 11/2 II 



Conci Conca Concg (/i /2) 

^(il)^^Ol) ^(i2)^^0'2) ^(.i3)—>^U3) 



impr 




Proof: The proof is analogous to that of Lemma IL29.i. 
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We define, for a Grassmann function / the improved norm N[j^pj-(^f^ as in Definition 
11.23. That is, 

A^impr(/;«) = ^ J2 ll/0;ni,..nj|impr 
ni,---nr>0 

An abstract example of such norms is described at the end of this Section, and this 
abstract example is made concrete in §X. 

Definition VI. 3 Let f{^^^\ • • • , ^^'^^) be a Grassmann function and / C {1, • • • , r}. We say- 
that / has degree d in the variables z e / if 



mjn^ , ■ - ■ ,nj- 

where Am[ni, • ■ • ,nr] was defined in Definition 11.21. We say that / has degree at least d 
in the variables z e / if / = Ylid'>dfd' where each fd' has degree d' in the variables 
i e /. Similarly we say that / has degree at most d in the variables z e / if 
/ = Yl,d'<d fd' where each fd' has degree d' in the variables z e /. 

Proposition VI.4 Let (C, D) have improved integration constants c, b, J. Let r > t > s > 1, 
and /ei and/2(e(^),---,e(^)) be Grassmann 

functions. Set 

'■ • • • > • • • > • • • > C^''^):^(i),...,^(-),c •^(.+i),...,^(t),z) 

' ' ' i=l j=s+l 

// /i has degree at least one in the variables C'-^V " " > C*'*'' o.'^d degree at least three in the 
variables • • • , then 




Nimprig; a) < 27^iV(/i; a) N{h; a) 

for a>2. 

Proof: Set fi = ! -^(s+i) ... ^(t) £>• We first prove the statement in the case 

that /i and /2 are both homogeneous, that is 

/i G Ao[ni,---,ns,---,nt, •••,nr] 
/2 e AoK,---,n^] 
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Then ^ = unless nj = for 1 < z < t, and g e Ao[nt+i + n^+i, • • • , n,. + n^] . By hypothesis 

ni H \-ns > 1 and ni H h > 3. Therefore it is possible to choose ii e {1, • • • , s} with 

rii^ > 1, and to choose Z2, is E {!,■ ■ • ,t} such that 



1 if ^2 7^ ^1 

2 if Z2 = ii 

1 ifz3 7^Zi,Z2 

77,^3 > <^ 2 if is e {n, ^2} but zi 7^ Z2 

3 if = ^2 = ii 

Set 

^fC if 1 < < s 
" \d ifs + l<i^<t 

Clearly, C[ — C. Also set Couj^ = Conci and 

9'{C^'\ • • ■ , ■ ■ ■ , C^^^) = Com Con2 Cons h{C^'\ ■ ■ ■ , e^'')) /2(C^'\ • • ■ , C^''^) 

9"{^^'\ • • • , ^^^^ C^'\ • • • , C^^^) = Com Con2 Cons • • • , MC^'\ • • • , C^''^) 

Observe that 

ri'l - (^lii + 5li2 + ^lis)) - • •j'^r - (^rii +Sri2+ ^rig)] 

and 

^''(^(1), . . . , ^W. ^(1), . . . , ^W) = : . . . , ^W. ^(1), . . . , C^'^)): ,a),...,,(.),c : 

by Remark 11.12. By Lemma 11.13 

J J i=l j=s+l 

By Lemma IL29 and Lemma VL2 

ll^llimpr < b2("i + -+"'-3) ||^'||i„,pr < Jl^l^^^^l^b2(-i + -+"*)||/l||||/2|| (VLl) 

Therefore 

iVimpr(^) = ^a"*+i + -+"'"+<+i+-+<b^*+^ + -+"'^+<+i + -+< ll^lli^pr 

< J^^i^5^iV(/i)iV(/2) 
<27^Ar(/i)iV(/2) 

The general case now follows by decomposing /i and /2 into homogeneous pieces. ■ 



VI.2 Ladders 



Theorem VI. 6, below, which is the main result of this paper, shows that under 
appropriate assumptions on an effective interaction ^^(V'), the two point and non-ladder 
four point parts of the effective interaction :W'{'ip):^^D = ^c{'-W:-^^c+d) , constructed 
using the Grassmann Gaussian integral with covariance C, obeys estimates that are better 
by a factor J than those one would expect from Theorem IV. 1. To formulate this precisely, 
we first give the Definition of ladders. 




In a ladder, neighbouring four legged vertices are connected by two covariances. Since ladders 
result from integrating with one of the connecting covariances is equal 

to C. The other connecting covariance may be C or D. 

In the rest of the paper, we will systematically use ^, ■ ■ ■ for fields associated 

to the covariance C. We will use (, • • • for fields associated to the covariance D and i/j 

for the external fields. 

Definition VI. 5 

(i) A rung is a Grassmann function 

p(C, ^; C, O e ^[0, 2, 0, 2] e ^[1, 1, o, 2] e ^[o, 2, i, i] e ^[i, i, i, i] 

We think of C, ^ as the D resp. C fields on the left side of the rung and of as the D 
resp. C fields on the right side of the rung. 

An end is a Grassmann function 

We think of ip as the external fields at the end of the ladder and of C, C ^ the D resp. C 
fields going into the ladder. 
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(ii) If E is an end and p is a rung, we define the end E o phj 

Eop{^-C',0= I f i^lV'iCO.-^c -.piCCX'.O-.^.cdpciOdMO 

J J CD 

If El, E2 are ends, we define the ladder Ei o E2 by 

EioE2W^ //:i?i(V^;C',r);c'.c ■.E2{^P;C',e):,',cdi,c{e)di^D{C) 

J J CD i',D 



(in) Let F(0 e ^[4]. Write 



ni+n2+n3=4 

= E Fr..,n.,ns,n.{^^'\^^'\^^'\e'^) 

ni+n2+n3+n4=4 

with F„i,n2,n3 e A[ni,n2,n3] and F„i,n2,n3,n4 ^ A[ni, ^2, ns, 77,4]. The rung associated to F 
is 

p{F){C, C',C') = -^0,2,0,2 + -^1,1,0,2 + i^o,2,i,i + -^1,1,1,1 
The end associated to F is 

E{F){i;;C',e) = F2,o,2 + F2,i,i 
The ladder of length r > 1 with vertex F is defined as 

Lr{F){iP) = E{F) o p(F) o p(F) o • • •p(F) o 
with (r — 1) copies of p(-F). 



^P^E{F)V^piF)Vz(p{F))IZ — =(p(F)Wi?(F)tV 








In Appendix C, we describe ladders in terms of kernels. 
The main result of this paper is 
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Theorem VI.6 Let W{i(^) be an even Grassmann function with coefficients in A. Assume 
that N{W; 64q;)q < \a, and that a > 8. Set 

■■W'ii;) :^,D = ^ci:W:^,c+D) 

If (C, D) have improved integration constants c, b, J, then 

(i) 

(ii) Write W(i,) = T.m,„V^M), W'W) = E„;n»'m,n(V') with W„,„,WU,n £ A'Jj,\. If 

Wo;2 = 0, then 

oo 

iVimpr«4 - Wo,, - |5^L,(W^o,4);a) < ^ .^^^.i^^^^) 

r=l 



Remark VI. 7 

i) Part (i) of the Theorem follows directly from Theorem IV. 1. For the proof of part (ii) one 
can replace the algebra A by since Wq 2i W^o,2 Lr{Wo,4) depend only on X^^o ^0;n- 

ii) The hypothesis that VFo;2 = in part (ii) of Theorem VI.6 prevents strings of two-legged 
vertices from appearing in diagrammatic expansions. The expansion used in the proof of part 
(ii) cannot detect certain overlapping loops containing such strings. In practice a nonzero 
VFo;2 can be absorbed in the propagator. 

The proof of part (ii) of Theorem VI.6 is based on an analysis of 
VI. 3 Overlapping loops for the Schwinger functional 

We first generalise the concept of a ladder. 
If f/('0; ^) is a Grassmann function we write 

;pi,P2;ni,n2 (V';C,C';^,0 

PI ,P2 

with Uno;pi,p2;ni,n2 ^ A[no; pi, P2, Ui, n2\. 
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Definition VI. 8 Let U be as above. 

(i) The rung associated to U is 

Rung(C/)(C, C, O = f^0;0,2;0,2 + t^0;l,l;0,2 + t^0;0,2;l,l + t^O;l,l;l,l 

(ii) The tail Ti{U) associated to U is recursively defined as 

C, n = t^2;0,0;0,2 + C^2;0,l;0,l 

T,+i(C/)(V^;C',0 =7>(C^)°Rung(t/) 
Observe that Ti{U){i{;; C, lies in A[2, 0, 2] © A[2, 1, 1]. 

Later we need 

Remark VI. 9 Let i?i,i?2 be ends whose coefiicients are even elements of A and let g{ip',0 
a Grassmann function. Set 



Hfp) = E with hn e A[n] 

n=4 

Then 

/i4 = £'i o Rung(gf) o E2 

Proof: By Lemma A. 5 

hii;)= //:Ei(v^;C,0:c.i. :^(V' + C+C';e + 0:c.c' 



As El is of degree at most one in ( and E2 is of degree at most one in (' , 
= {EioRving{g)oE2){iP) 
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The main estimate on the Schwinger functional is: 



Theorem VI. 10 Let A be a superalgebra, with all elements having degree zero (that is 
A = Aq), II • II and \\ ■ ||impr be two families of symmetric seminorms on the spaces Am<S>V^'^ 
and let {C,D) have improved integration constants c, b, J. Let (/(i/j,^), f{i(^,^) be Grassmann 
functions with coefficients in A of degree at least four and U even. Set 

/(V',e)= :m,0:.':O 

Assume that a > 8 and N{U; 32q!)o < |q!. By Proposition IILIO 

■.n^)H,D=su,c{f) 

exists. Write 

no,ni n 

with fno,ni e A[no,ni], G A[n]. Then 

iV,„p,te<.)<^4f|3Ljv(/;32.) 
and there exists a Grassmann function g{i(^) such that 

fi = f4,o+ZTe{U)oT^{f) +1 E T,(C/)oRung(/)or,,(C/) + g 

1=1 1,V>1 

and 

iV,„p,tea)<2^4f|^iV(/;32.) 

In the case D = this Theorem is proven in Section VI; in the general case it is 
proven in Section VIII. 

Proof that Theorem VI.IO implies Theorem VI.6: By part (i) of Remark VI. 7 we 
may assume that A = Aq. We write Wn for Wo;n and for W^.^. Set 

: U^iij) -.^,0 = Stu,c{U) 



9 



By Remark 11.24, N{U; a) < N{W; 2a). As in the proof of Theorem 11.28 

■.W'{iP):^,D-:W{iP):^,D= f {■.U^{^):^,D - ■.U{^,0):^,d) dt mod^o 

Jo 

so ^ 

Wiip) - Wiip) = [ (Uliip) - Uiip, 0)) dt mod 
Jo 



In particular, for n = 2, 4 



n-Wn^ C {Uln ' Ko) dt 

Jo 

Therefore, by Theorem VI. 10 

iVimpr(W^2) < mc^^ iVi„,pr(f/;,2) 
— a« 1-f iV(VK;64a) 

Observe that 

Rung(?7) = p(W^4) 

T^(t/) = E(W4) o p(W4) o • • • o p(W4) 

with £ — 1 copies of p{W4). Therefore 

Ti{tU)oTi{U)=t^Le{W4) 
TiitU) o Rung(t/) o r^,(t[/) = t^+^'Le+t{W4) 

Hence, by Theorem VI. 10 

t'L,{W4)dt + i E 
t=iJo e,i'>iJo 



Wi = W4+Z t'Li{W4)dt+^ E / t'+' Le+e{W4)dt +g 
t=iJo ed'>iJo 



with 

^1impv{g) Q,6 i_Aiv(i7;32a) ' i-^JV(W;64a) 

Now 

oo /"I / oo /"i 

E / t^TOcJt +i E / WTOcJt = |E / (r + l)t'-L^(iy4)cit 

1=1 Jo i,£'>lJo r=lJo 



oo 

I E ^r(W-4) 
r=l 
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VI.4 Configurations of Norms with Improved Power Counting 



Definition VI. 11 Let q be an even natural number. For p = 1, 2, 3, • • • , qf, let || • \\p be a 

system of symmetric seminorms on the spaces Am®V®'^. We say that (C, D) have integration 
constants c, b for the configuration || • ||i, || • ||2, • • •, || • ||q of seminorms if the following 
estimates hold: 

Let m, m' > and 1 < z < n, 1 < j < n' . Also let f e A^® V®"", f G A^/ § 
Then for all natural numbers p < q the simple contraction estimate 



Conc(/®/0|| <c E 



i—>n+j 



P. Il/'l 



P2 



at least 
one odd 



holds. 

Furthermore, if C2, C3 e {C, D}, m = m' = 0, 1 < «i, ^2, ^3 with h, Z2, is all different 
and 1 < ji,j2,j3 < n' with ji,j2,j3 all different, the improved contraction estimate 



Cone Cone, Conc3(/®/')|| <b^c E ll/IU ll/'l 

ii— >n+ji i^—^n+j2 i3—>-n+j3 ' 



Pl+P2=P+3 
at least 
one odd 



P2 



holds for p < g — 2. 

For every / e Ar^ ® V®'^ and every n' < n the modified integral bound 



/ 



Antn'{f)diic 



Antn'{f)diiD < I (b/2) 



P + ll/llp-(-i)'' 



holds. The partial antisymmetrization Antn' was defined in Definition IL25.ii. 



(VL2) 



Lemma VI.12 Let q be an even natural number. Assume that {C,D) have integration 



constants c, b for the configuration 
feAm^ F®^, set 



\q of seminorms and let J > 0. For 



= E = ll/lll + II/II2 + ^||/||3 + i 



p=l 

e'j-[(^'-i)/2] 11/11^ z/m = 

impr — \ P— 1 







ifm^O 



+ ••• + 



J(<;-2)/2 



Here [{p — l)/2] is the integer part of Then {C,D) have improved integration constants 



c, b, J for the families 



and 



I impr 



of seminorms. 
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Proof: Clearly || • ||impr < || • || • To verify that c is a contraction bound for C let / e A^, 
f e Am' ® and 1 < i < n, 1 < j < n'. Observe that if pi + p2 = p + 1 with at least 

one of pi and p2 odd, then 



j[(pi-l)/2] j[(p2-l)/2] j[(pi+p2-2)/2] j[(p-l)/2] 



Consequently, 



Conc(/®/')|| = E J-[(^-^)/']|| Cone/® nip 

i—^n+j p=l i^n+i 



-1 P1+P2=P+1 
" at least 



at least 
one odd 



<c 11/11 11/11 

Replacing q hj q — 2 gives the corresponding bound for || ■ ||impr- To verify the triple 
contraction estimate of Definition VI. 1, let C2, C3 G {C, D}, m = m' — 0, 1 < ii, ^2, ^3 < 
with ii, is all different and 1 < ji, J2, is < ''t-' with ji, j2,i3 all different. Then 

Cone Cone, Conc3 (/ ® /') IL^p^ = if || ^onc Con^ Concg (/ ® /' 



p=l 



q-2 



< 



)/2] 



II/' 



■r^ at least 



Pl \\J \\P2 



<jhU E ^-'^^^-'^/'^ll/IU^-f^^^-'^/'^ll/'llp. 

Pl,P2 = l 

= '/b^c 11/11 ll/'ll 

We verify that b is an integral bound for C for the norm || • ||. The other cases are similar. 
Let f eAm<^ F®" and n' < n. Then 



= i (b/2r'Ej-[(^'-i)/2] 

< (b/2)' ' 



+ 



(VI.3) 
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In our main application, we use a special case of Definition VI. 11 in which only- 
norms II • lip, with p odd, appear. 

Definition VI. 13 Let q be an odd natural number. For p = 1, 3, 5, • • • , q-, let || • \\p be a 
system of symmetric seminorms on the spaces We say that (C, D) have integration 

constants c, b for the configuration || • ||i, || • Us, • • •, || • \\q of seminorms if b is an integral 
bound for both C and D and all of the seminorms || • ||p (see Definition II.25.ii) and the 
following contraction estimates hold: 

Let m,m' > and 1 < i < n, 1 < j < n'. Also let f e ^ F®", /' e A^/ ^ F®^' 
Then for all odd natural numbers p < q 

II Conc(/®/0|| <c E ll/IUII/'IU 

i-^n+j ^ pi+P2=J'+i 

P1.P2 odd 

Furthermore, if C2, C3 G {C, D}, m — m' — 0, 1 < ii, ^2, ^3 < n with ii, Z2, ^3 all different 
and 1 < ji, j2, J3 < n' with ji, j2, is all different, then, for all odd p < q — 2, 

II Cone Conc2 Conc3(/®/')|| <b^c E ll/IU II/'IIp2 

ii—^n-\-ji i2^n-\-j2 *3^n+j3 pi+P2=p+3 

PI1P2 odd 



Remark VI.14 If, in the setting of Definition VI. 13, the norm || • ||p is defined to be zero 
for all even p, then the conditions of Definition VI. 11 are fulfilled, except that the factor of 
i in (VI. 2) does not appear in the Definition II.25.ii of integral bound. 

Lemma VI.15 Let q be an odd natural number. Assume that {C,D) have integration con- 
stants c, b for the configuration \\ • \\ • II3, • • || • ||g of seminorms and let J > 0. For 

f eAm® V®"", set 

E ^^^-^^/'II/IIp 

p=i 

podd 

j(l-p)/2||y.||^ ,^^^0 

impr ^ podd 

ifniy^O 
Then (C, D) have improved integration constants c, b, J for the families \\ ■ \\ and \\ ■ ||impr of 
seminorms. 



Proof: By Remark VI.14, Lemma VI. 12 implies all of the conditions of Definition VI. 1, 
except that b be an integral bound for C and D for both seminorms. However, the proof of 
this condition is virtually identical to (VI. 3). ■ 
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Remark VI. 16 Lemma VI. 15 holds for all J > 0. In applications, J is chosen so that 

<const J^^'-^^/^iiJii^ (yj_4) 



for all / of interest. If J satisfying (VI. 4) can be chosen sufficiently small, Lemma VI. 15 can 
be used in conjunction with Proposition VI. 4 to obtain improved bounds, as the following 
example illustrates. 

For simplicity, we assume that g = 3. Let f{^^^\ ^'■^-*) G ^ol'^i) f^'il with n2 > 3 and 

set 

(:/(5'",5'^'):„.,,c)'*c(5'^>) 

The standard bound, without improvement, follows from (II. 4) in the proof of Proposition 
11.33: 

ll^lli < n2cb^(--^) 11/11? 
On the other hand, by (VI. 1), in the proof of Proposition VI. 4, 

ll^lli = ll^llimpr < n^Jcb2(--i)||/f = n^Jcb2('^-^)(||/||i + i||/||3)' 
If ||/||3< const J||/||i, 

< const niJcb2(-^-i) 11/11? 



14 



VII. Finding Overlapping Loops 



In this chapter, we give the proof of Theorem VI. 10 in the case D = 0, using the 
representation Su,c = J t-Ru c ^'"^ Theorem III. 2. We assume that the coefficient 
algebra A contains only elements of degree zero, that is ^ = ^o- Let || • || and || • ||impr be 
two families of symmetric seminorms on the spaces <8) 1^®" such that (C, 0) has improved 
integration constants c, b, J for these families of seminorms. 

Recall from Remark III. 6 that the operator 1Zk,c is written as a sum of operators 
Rc{Ki, ■ ■ ■ , K() with even Grassmann functions Ki{^, rf), - ■ ■ , Ki{^, rf). If one of these 
Grassmann functions, say Ki has degree at least three in the variables r] then, for any 
Grassmann function /(O? there is a pair of overlapping loops in each Feynman diagram 
contributing to Rc{Ki, ■ ■ ■ , K() (:/:). The way these overlapping loops can occur is indicated 
in the figures below. 

(7j @ or (Ty- — O °' (Jt~ — O °' 





VII. 1 Overlapping loops created by the operator TIk^c 

In this subsection, we suppress the external fields i\} by working in the Grassmann 
algebra /\^, V with coefficients in the algebra A! = V generated by the fields ip. This 
algebra was defined in subsection III. 2. Recall that || ■ || and || ■ ||impr induce a family of 
symmetric seminorms on the spaces A'^ 1/®"^, which we here denote by the same symbols. 

We split up the operators Rc{Ki, • • • , Ki) of (111.2) in order to exhibit possible 
overlapping loops. For Grassmann functions i^2(^, 1^)1' ' ' ■> v) ^tnd /(^) we define 

Rc{K2,---,K,){f) = JJ:{WKii^,e + e',v%''):r^Jiv + v')dficie')dficiv') (VII.l) 

This is a Grassmann function of ^, rj that is schematically represented in the figure below. 
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Proposition VII. 1 For even Grassmann functions Ki{^,^',r]), - ■ ■ , Ki{^, rj) and /(^) 




Proof: If 

then by part (iii) of Proposition A. 2 (applied to the variable and Lemma A. 5 (applied to 
the variable rj) 

= jj\ [:Ki(e,e',r7):e:( j j\^K,{i,i' + i'\r^):^.d,jic{e))-. ^]\^ f{v)dfic{adMv) 

= //:i^l(e,e^^):e,.:(//.^:^^(e,e'+r,v):e'rf/^c(n^ 

■fiv + v')-v dl^civ') di^ciC) d/iciv) 
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Remark VII. 2 Set 

/(e,e') = /(e+e') 

Then the map / i-^ :Rc{K2,- ■ ■,K£){f):^ over the algebra A' agrees with the map / i— > 
Rc{K2i • • • , Ki){f) of (III. 2) over the algebra A of Grassmann functions in the variables r/ 
with coefficients in A' . Therefore we can use the results of §111 to obtain estimates on Re- 

Lemma VII.3 Let K{^, rj) be an even Grassmann function with K{^, 0) = 0. Decom- 
pose 

where K' has degree at most two in the variables r] and K" has degree at least three in the 
variables rj. Let each of the functions K^^\ ■ ■ • , K'^^^ be one of K' , K" or K , and assume 
that at least one of them is equal to K" . Let f{^)E /\^, V , and set 

j,Rc{K('\---,K('^){:f:m= 

Then, ifa>2 

iVimpr(/'; a) < ^ N{f; 2a) N{K; 2aY 

Proof: We may assume that K^-^^ = K" . Set 

g{i,i\^)=Rc{K^^\---,K^'\:f:){^,^\rj) 
By Remark VII. 2, in the algebra A 

■.g:e = Rc{k^^\---,k^'^){:f:) 
Therefore, by part (ii) of Proposition III. 7 and Remark 11.24 

<^N{f;2a) {{ N{K^'^;2a) 
< ^N{f- 2a) N{K-2aY-^ 

By Proposition VII. 1 

/'(o = ijj ■.K''{^,e,vy-e,v--9i^.^'.vy-e,vdf^cie)dficiv) 

Proposition VI. 4 implies that 

iVimpr(/'; a)<fi N{K"; a) N{g; a) 

< ^N{f- 2a) N{K;2a)' 
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Proposition VII. 4 Let K{^, 77) be an even Grassmann function. Decompose 

where K' has degree at most two in the variables ^',77 and K" has degree at least three in the 
variables ^',rj. Let f{C)& Aa' ^'^^ 

Then, ifa>2 and N{K] 2a)o < a 



Proof: By Remark III. 6 



9= T.9e 9' = Il9e 

£=1 i=\ 



where 

:gt: = ^ Rc{K, ■ ■ ■ , K){:f:) 
:g'f = iRciK',...,K%f:) 

Since 

Rc{K,---,K)-Rc{K',---,K') 

= Rc{K-K',K,---,K)+ Rc{K\ K - K' , K, ■ ■ ■ , K) + ■ ■ ■ + Rc{K' , ■■■,K-K') 
= Rc{K", K,---,K) + Rc{K', K", K,- ■ ■ , K) + ■ ■ ■ + Rc{K' , ■■■,K\ K") 

it follows from Lemma VII. 3 that 

iVimpr(^£ -g'd<iTE N{f; 2a) N{K; 2aY 

Therefore 

00 

iVimpr(^ - < E N^^^ge -g'd<y- Nif; 2a) 



Corollary VII. 5 Under the hypotheses of Proposition VIL4, set 
IfN{K;2a)o < f, then 
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Proof: Since 



■.h: = {i-nK,c) \nK,c-nK',c){^-nK',c) \:f:) 

it follows from Corollary III. 9, with A^impr in place of N, and Proposition VII. 4 that 
iVi„p,(/>) < (l + J^irffiSsfy) JV,„p,((Kk,c - TIk-.c] (1 - -RK'.cy'm) 

By Definition VI.l and Remark 11.24, Ni^p,(K) < N(K) < N(K; 2a) so that Corollary III.9 
implies 

A^- (h\<(^ \ ^ N{K-2a) \ 25j N{K-2a) i N(K'-2a) Vy/f.o^A 

25 ^ / l--j,Ar(K;2a) N iV(K;2a) / 1- ^iV(K;2a) X 

- ^ l^l_^iV(K;2a); l-iiV(K;2a) I, \-^N{K-2oc) ) U > 

< 2^ J 1 N{K-2a) 1 /vr f • On\ 

- "a^ l--^Ar(K;2a) l--iJV(K;2a) \--^N{K;2cx) ) 

- ~ [l-|7V(i^;2a)]3 

- l-|jV(K;2a) 

since, for X e Old, 

OO CXD OO 

r=0 r=0 r=0 



Proposition VII. 4 exploits overlapping loops that are created by one application of 
the operator TZk,c- There are additional overlapping loops created by the composite operator 
T^K,c ° T^K,c which we shall exploit now. 

Lemma VII.6 Let B{r]',r]") e ^'[1,1] and let H{^,^',r]), K{^,^',r]) be even Grassmann 
functions that vanish for 77 = 0. Assume that H or K has degree at least two in the variables 
Cr/. Let f{^) e Aa'^ and set 

■.f{r]):rjdiic{v) 
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Then, ifa>2 

Mmpr(5r; «) < ^ N{f; 2a) N{H; 2a) N{K; 2a) N{B; a) 
Proof: We may assume that K has degree at least two in the variables rj. Set 

By Lemma A. 5, applied to the variable 77 

g{0 = J B{rj', rj") :H{^ + r/', C', C):r,',e,C -Ki^ + v" , Vy-v",e,v -fiv + O-vX 

= J :h{^,ri,e,v'y-e,v-K{^ + v",e,v)-v",C,vdf^c{v,v",e) 

Since B is of degree one in rj' and H is of degree at least one in (, iterated application of 
Proposition 11.33 and Remark 11.24 yields 

N{h) < ^N{B)N{H;2a)N{f;2a) 

Since h is of degree one in rj", only the part of K that is of degree at least three in the 
variables r]",^',r] can contribute. Hence Proposition VI. 4 implies that 

N,^M<^Nih)NiK;2a) 

< ^ N{B) N{H; 2a) N{f; 2a) N{K; 2a) 



Proposition VII. 7 Let K{^,^',r]) be a Grassmann function of degree at most two in the 
variables r] and of degree at least one in 77. Write 

i,n2,n3 with 

ni,n2,n3 
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Also set K. n2,n3 = X^m ^ni,n2,n3- Furthermore let T(r]) e A'[2] and write 

T(r7 + r]') = T{r]) + T{r]') + T^^{r], ij') 

with Tmix e A'[l, 1]. Set 




Observe that K is independent of ^' . Finally let f{C)E /\^, V and set 

r{r^)=Rc{T)Rc{K,K){:f:) 

:m--^=2Rc{K,K){:f:) 

:m:^ = Rc{K){:f:) 

Then 

A^impr(/' - (/ + /); «) < ^ N{f; 2a) N{K; 2af N{T; 2a) 

Proof: By definition 

f'iv) = J :TW):^,Rc{K,K){:f:){r^ + r^')di^c{v') 
Consequently, by part (ii) of Proposition A. 2 and Lemma A. 7, in the variable rj' , 

no = J :TW):rj'RciK,K)i:f:)i^ + rj') dficiv') 

' J :[:{Jnv%'--K{i+v\e.vy-v'diicW))-.^r.K{i,e,vy<'Y^ 

:f{r]):rjdiici^',v) 

+ J \[J T^-M,v"y-K{^ + v',e,Vy<',v' :i^(e + r7",e',^):e,< d^c{^' ,v") 

:f{r]):r,dnc{v) 



= 2 



21 



= 2 J:[:K{c,e,v)-c'-K{c,e,vy<']-^--fivy-vdf^cie,v) 

with 

g'io - j\j TmM,v")--H{c+v',e,vy<',v' ■.K{^+r^",e,vy<',v"dfic{e,v',v") 

■.firjy.rjdnciv) 
:/(?7):^d//c(?7) 

where H = K — -f^.,o,i- In the last equahty, we used the fact that i^.^o,i(C + l' li'il) ^nd 
hence K is independent of so that we are free to drop the Wick ordering with respect to 
^' in the expression yielding f{^,). By Lemma VII. 6 and the observations that 

7V(K,o,i; 2«), N{K - K,o,i; 2a) < N{K- 2a) 

N{T^i.; a) < iV(T(r/ + ry'); a) < N{T; 2a) 

we have 

iVimpr(/' - / - /) = iVimpr(^' + g") < ^ N{f; 2a) N{K; 2af N{T; 2a) 



VII.2 Tails 



In this subsection let K{if);^,$^',r]) be an even Grassmann function with coefficients 
in A that has degree at least four in the variables '4>iii^' iV ^nd degree at least one in the 
variable 77. We always write 



with K; 



no,ni,n2,n3 



e A[no,ni,n2,n3] 



no,---,n3 

For f{ip;C) I\a{^' ® ^) interested in the two and four legged contributions to 

■jip^ — (•/•€)■ Therefore we make the following 
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Definition VII. 8 The projection 

:/(V';0:^^/4,o(V',0) + /2,o(V',0) 
where = Eno.m fno,nA'ip; with fno,m e A[no,ni]. 

Definition VII.9 

(i) An n-legged tail is a Grassmann function T{'i/j; rf) G @^-^2 Mf^i '^l- ^^^^ n-legged 
tail T has at least d external legs if T e ®d'>d^\.'^'i'^]- 

(ii) If T is a two-legged tail we define the two-legged tail T o K hj 

Observe that ToK depends only on the part of K that has degree at most two in the variables 

Remark VII. 10 A two-legged tail with two external legs is an end in the sense of Definition 
VI. 5. i. If K{'ip; ^, r]) = U{'ip;^ + ^' + -q) — U{'ip;^ + for some even Grassmann function 
U{'ip;^) then ToK agrees with T o Rung(t/) of Definition Vl.S.iii. 

Lemma VII.ll Assume that K has degree at most two in the variables ^',rj. Let T be a 
two-legged tail. Then there exists a one-legged tail ti with at least three external legs and a 
two-legged tail t2 with at least three external legs such that for any /(V'; ^ Aa(^' ® ^) 
following holds: 
Set 

f'ii/;) = P [Rc{T)nK,c{-f-) - RciT o K){:f:) - RciT o K, K2,o,o,2)(:/:) - Rc{ti + t2)(:/:) 
where :/: is shorthand for :f:^. Then 

Mmpr(/'; a) < ^ N{f; 2a) N{K; 2af N{T; 2a) 
IfT has at least three external legs then 

PRc{T)nK,c{-f-) = PRciT o K){:f:) + PRcit^ + t2){:f:) 
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Proof: By assumption, K{tp; ^, rj) is of degree at least two in V', so Rc{K, • • • , K){:f:) 
(with e K's) is of degree at least 2£ in ip, ^. Since T is two-legged, Rc{T)Rc{K, • • • , 
is of degree at least 2£ — 2 + 2 = 2£ (with the last +2 coming from the d>2 external legs of 
T) in ip and is independent of ^. So, by Remark III. 6 

P[Rc{T)nK,cC-f--)] = P[Rc{T)Rc{K){:f:)] + \P[Rc{T)Rc{K,K){:f:)\ 

Set 

t2i(V'; r]) = j -nil;- r]%, [ (K,2,o,2(V'; V, ^) - ^o,2,o,2(V'; V, e', ^)) : ^, dfidv') 

Since has degree at least four overall and T has degree at least two in ^/;, tn is a one-legged 
tail and ^21 is a two-legged tail, both having at least three external legs. As K has degree 
at most two in the variables t] and degree at least one in 77 and T has degree two in rj and 
the definition of Rc{K) Wick orders K with respect to 

P[Rc{T)Rc{K){:f:)] = P[RciT)Rc{K.,2,o,i){:f:)] + P[RciT) Rc{K., 2,0,2) {-.f:)] 

= P[Rc{tii + t2i)(:/:)] +P[Rc{T o K){:f:)] 

Define the projection 

/(V';0^/4,o(V',o) + /2,o(V',o) 

As P and P' only difi'er by Wick ordering in the ^-argument, 

P[Rc{T)Rc{K,K){:f:)] = P' [Rc{T)Rc{K, K){:f:)] 

= P' [Rc{T)Rc{K, K){:f:){^- 0, 0, 0] 

so that we can apply Proposition VII. 7. Modulo a term whose improved norm Mmpr is 
bounded by ^ N{f- 2a) N{K- 2af N{T; 2a) 

P'[^c(T)i?c(i^,i^)(:/:)(V';0,0,O] = 2P[i?c(^,i^)(:/:)] +P[i?c(i:)(:/:)] 

with 

K{i^; e', V) = J -nt, ri'y.n' -Kii^; C', v)-v' dl^dv') 

K{ij;^,C',r]) = J 7'mix(V'; V, V') ■K.,i,Q,i{ij;r]',^'/q):rj' :K,i,o,i(^A; ?7):r?" dficiv'^v") 
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Here we have used the projection P to set ^ = and we used that Tmix(V'; ■, v") is of degree 
one in rj' and in r]". Again, since K has degree at least four overall and T is of degree at least 
two in ip, the tail K has at least six external legs, so that P[Rc{K) = 0. Finally, since 

• P sets the ^'s in the argument K of P[Rc{K, K){:f:)] to zero. 

• K is of degree at least two in ip 

• -f^- ,0,0,1 is of degree at least three in ip 

• K is of degree at most two in ^',77 and degree at least one in r]. 
we have 

P[RciK,K)i:f:)] = P[i?c(^,o,.,. ^•,o,o,2)(:/:)] + P[i?c(^.,o,.,. ^■,o,i,i)(:/:)] 
= P[Pc(K,o,o,.,K,o,o,2)(:/:)] +P[i?c(K,o,i,.,K,o,i,i)(:/:)] 

and since 

• K is of degree at least four overall and K is of degree at least two in ip 
we have 

P[Rc{K,K){:f:)] = P[i?c(^2,o,o,., i^2,o,o,2)(:/:)] + P[i?c(^2,o,i,., i^2,o,i,i)(:/:)] 
= P[i?c(^2,o,o,2,i^2,o,o,2)(:/:)] +P[i?c(^2,o,i,i,i^2,o,i,i)(:/:)] 
= P[Rc{ToK,K2,o,o,2){:f:)]+P[Rc{t22){:f:)] 

where 

t22{ij; v) = J ^2,0,1, ^\ v) ^2,0,1, ilV'; v) duciC) 

is a two-legged tail with at least four external legs. 

Setting ti = til and ^2 = ^21 + 2^22 yields the main result. If T has at least three 
external legs, then Rc{T)Rc{K, • • • , K){:f:) (with £ K's) is of degree at least 2^-2+3 = 2£+l, 
so 

P[RciT)nK,ci-f-)] =P[Rc{T)Rc{K){:f:)\ = P[Rc{tii + t2i){:f:)\ + P[Rc{T o K){:f-)\ 



Lemma VII. 12 Assume that K has degree at most two in the variables ^',1]. Let Ti,T2 be 
two-legged tails. Then there exists a one-legged tail ti and a two-legged tail t2, each with at 
least four external legs, such that for any f{ip',0 ^ Aa(^' ® ^) following holds: 
Set 

f'iiP) = p[Rc{TuT2)nK,c{:f:) - Rc{Ti oK.T^o K){:f:) - Rc{ti + t2)(:/:)] 
Then, ifa>2 

A^impr(/'; «) < ^ N{f; 2a) N{K; 2af N{Ti; 2a) N{T2; 2a) 
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Proof: Again, since K has degree at most two in the variables rj and degree at least 
four in all variables 



P[i^c(Tl,T2)7^K,c(:/:)] = P[Rc{TuT2)Rc{K){:f:)] + ^ P[Rc{n,T2)Rc{K, K){:f:)] 
and 

P[Rc{T^,T2)Rc{K)i:f:)] = P[i?c(Ti,T2)i?c(i^o,4,o,-)(:/0] 

= P[Rcitii+t2i)i:f:)] 

where 

are one- resp. two-legged tails with at least four external legs. 
Similarly 

P[Rc{T^,T2)Rc{K,K){:f:)] 

= P[Rc{T^,T2)Rc{Ko,2,o,2,Ko,2,o,2){:f:)] + P[Rc{Ti,^^^ 

The second term is PRc{t22){'-f'-) where 

is a two-legged tail with at least four external legs. To deal with the first term we use 
Proposition VII. 1 to see that 

Rc{Ti,T2)Rc{Ko,2,o,2,Ko,2,o,2){:f:) = j -.T^iiP^rj'y.r,' -.git^iYv' d^ic{'n') 

where 

gii^-T]) = ^c(T2)i?c(i^o,2,o,2,i^o,2,o,2)(:/:) 

By Proposition VII. 7, :5'(V';0'^ ~ modulo terms whose improved norm can be bounded 
by ^N{f;2a)N{K-2af N{T2;2a) - equal to 2 i?c(i^o,2,o,2, ^2 o K){:f:). There- 
fore by Proposition 11.33, modulo terms whose improved norm can be bounded by 
2' J N{f- 2a) N{K- 2af N,^p,{Ti; a) iV(T2; 2a) 



iP[i?c(Ti,T2)i?c(i^O,2,O,2,^O,2,O,2)(:/0] 

= P J :T,{i;,r,%, Rc{Ko,2,o,2,T2 o K){:f:){i;-r,') dfXcW) 
= P[RcinoK,T2oK){:f:)] 
Since A^impr(ri; a) < N(Ti; a) < N(Ti; 2a), the Lemma follows. 
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Lemma VII.13 Assume that K has degree at most two in the variables ^',r/. Let T he a 
one-legged tail with at least three external legs. Then there is a two-legged tail t2 with at least 
four external legs such that for all f{ip;^) e /\a(^' ® ^) 

P[RciT)nK,ci--f--)] = P[Rcit2)i:f:)] 



Proof: Since T is one-legged and K has degree at least four 
PRc{T) TZk,c - PRc{T) Rc{K) 

= PRc{T)Rc{ E Kd,i,o,i + E Kd,i,o,2) 

d>2 d>l 

= P Rc{T) Rc{Ki,i,o,2) = PRc{t2) 

with 



Definition VII. 14 The two-legged tails Ti[K) are recursively defined by 

ri(K)(V';r7) = i^2,o,o,2(^;C,r,^) 

Ti+i{K)^TioK for£>l 



Remark VII. 15 

(i) Clearly Ti{K) has two external legs. Using Proposition 11.33 one proves by induction that 
for a > 2 

N{T,{K)) < ^N{kY 

(ii) If K{'i(;; ^, 77) = (/{i/j; ^ + + rj) ~ U ('0; i + ^') for some even Grassmann function ^) 
then, by Remark VII.IO, Ti{K) = Ti{U), where Ti{U) was defined in Definition Vl.S.n. 

(iii) Ti{K) depends only on the part of K that has degree at most two in the variables ^',77. 

Proposition VII.16 Assume that K has degree at most two in the variables ^',rj. For each 
£ > 1 there exists a one-legged tail t\ and a two-legged tail t^, each with at least three external 
legs such that for any /(V'; i) G Aa(^' ® ^) following holds: Set 

f^{^) = P[JZi^cm-Rc{Ti{K)){:f:)-l E Rc{Ti'{K),T,.{K)){:f:)-Rc{ti+t2){:f:) 

e',i">i J 

Then, ifa>2 and N{K; 2a) < 

A^impr(/;; oc)<Jj^ N{f; 2a) ^i^'^^-)'^' 

[^-^N{K;2a)\ 
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Proof by induction on £: Set = N{K; 2a). Since K has degree at most two in the 
variables 77 and degree at least four overall, for £ = 1 

PnK,C = PRciK., 0,0,2 + i^,0,0,l) + ^PRc{K2,0,l,l, i^2,0,l,l) + ^PRc{K2,o,0,2, i^2,0,0,2) 

= PRc{Ti{K))+PRc{h+t2) + ^PRc{Ti{K),Ti{K)) 

with 

ti = -K's, 0,0,1 + -^^4, 0,0,1 

t2 = i^3,0,0,2 + i^4,0,0,2 +^ J i^2,0,l,l(V'; ^) i^2,0,l,l(V'; ^) t^/^clCO 

Now assume that the statement of the Lemma is true for £. By the induction 
hypothesis there exist a one-legged tail ti and a two-legged tail t2, each with at least three 
external legs, such that 



differs from 
P 



Rc{T,{K)){nK,c{:f:)) + \ E Rc{Te{K),Te'{K)){nK,c{:f:)) 

+ Rc{ti + t2){nK,c{--f--)) 



e' ,£">! 

max{^',£"} = 



27 ^ Ari+^ 



^Ar(/;2a) 



by a function go{i(^) with 

,JV(/;2a) 



< ^ T if 



where :/: = '^K,c{-f-)- Here, we used Lemma IIL8, with a replaced by 2a, to estimate 
N{f;2a). 

By Lemma VII. 11, there exists a one-legged tail tn and a two-legged tail t2i, with at least 
three external legs each, such that 

^Rc{Te{K)){nK,cm)] = P[Rc{TiMK))i:f:)] + P[Rc{T^^^^ 

+ P[Rc{tii + t2i){:f:)+9iW] 
= P[Rc{T,^i{K)){:f:)]+\P[Rc{T,^,{K),T,{K)){:f:)] 

+ ip[i?c(Ti(K),r,+i(K))(:/:)] +P[i?c(tii+t2i)(:/:)+^i(V')] 
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with 

A^impr(^i) < ^ N{f; 2a) Nj, N{Ti{K)- 2a) 
< ^ N{f, 2a) 

Here, we used Remark VII. 15 to bound N{Te{K); 2a) by ^;w^Nf^. 

Similarly, for £',£" > 1 with max{£',£"} = £, by Lemma VII. 12, there exists a one-legged tail 
ti2 ' and a two-legged tail ' with at least three external legs such that 

Rc (T,, {K) , {K)) (7^K,c(:/:))l = P \Rc {Tt+i (K) , T^'+i (K)) (:/:) 



with 



Nimpr{g2,i',i") < id N{f; 2a) Nj, N(Te,{K)- 2a) N(T,„{K)- 2a) 



By Lemma VII. 13, there exists a two-legged tail t23 with at least four external legs such that 



i^c(^l)(7^K,c(:/:)) = P Rc{t2^){:f--) 



Finally, by Lemma VII. 11 



= P 



Rc{t2oK + ti^ + t24){:f:] 



P[Rc{t2){nK,ci--f:)) 

where ^14,^24 are one- resp. two-legged tails with at least three external legs. 
Combining the results above, we see that 

^'[<tcO/o] = /;+i(V') 



+p 



Rc{Ti+,{K)){:f:) + \ E i?c(Tr (i^), T,»(K))(:/:) + + t'2)(:/0l 



with one- resp. two-legged tails t[,t2 with at least three external legs, and 

f'i+i = 9o + 9i + I Yl 92,£',i" 



i' ,i">i 

max{€',£"}=£ 



By the triangle inequality 

Niiapr{fe+l) < ^impr(^o) + Mmprlfifl) + ^ Yl ^impr (^'2,^ ) 



e' ,e">i 

max{^',^"} = 



<^JiV(/;2a)iV^^ 



£+2 



+ 1+ E 



£' = 1 



<J^JNif;2a)Nr[j-^+ E (ff^ 



< 



^ jAr(/;2a)^X£!. 
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Corollary VII. 17 Let K{i(;;^,^',rj) be an even Grassmann function that has degree at most 
two in the variables ^',rj, degree at least one in 77 and degree at least four in the variables 
V')C)C')'7- Furthermore let /(V'iC) ^ Grassmann function of degree at least four in the 
variables Set 

r 1 00 -| 

= ^ 11 V ^--f--^ - ^ MTeiK)){:f:) - | E i?c(Tr (K), T,»(K))(:/:) 



Ifa>2 and N{K;2a)o < \, then 



N(K-2af 



Proof: By Proposition VII. 16, 



-^impr 



£=1 



< ^ N{f- 2a) N{K; 2aY E 



1 N(K;2ot) 



^ NU; 2a) iV(K; 2a)- [l - j. ._g^f^°L, 

2 1-T^^(^^;2a) 



-iV(K;2a) 



Proof of Theorem VI. 10 in the case D = 

Set K(V'; C, ^) = ^^(V'; C + + - t^lV'; C + '^O- By Theorem III.2 and Proposition 



III.5 



Observe that K has degree at least one in rj and four overaU and that, by part i of Remark 
11.24 (twice) 

N{K; 2a)o < N{U{i;; ^ + + vY, 2«)o < N{U{i;; 0; 8a)o < f 



Decompose 
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where K' has degree at most two in the variables 77 and K" has degree at least three in the 
variables ^',77. By Corollary VII. 5 and Corollary VII. 17 there exists a Grassmann function 
g{'^) with 



+ 



\-^N{K-2a) ' 1- 

2 



NirnAg) <y-N{f; 2a) N{K; 2a) 

<^/iV(/;2a)iV(i^;2a)i±|« 
< '-^ N{f; 2a) N{K; 2a)j^^j^^j^^j^^ 



N{K;2a) 



N(K-2a) 



<t^N{f-2a)N{K-2a)j^ 



(K;2a) 



< 



N(U;8a) 
-j.N{U;8a) 



and 



Pf = P /(V,0)+ E Rc{Ti{K)){:f:) + ^ ^ Rc {T,{K) , (K)) {: f :) 



e=i 



+ 9 



We have used that P:f{'il;,C): = 0) and Ti{K') = T^(K). Since / and K have degree 

at least four overall, 

PRc{T,{K)){:f:) = T,{K)oT^{f) 
(where the o composition was defined in Definition Vl.S.ii) and by Remark VI.9 

P[Rc{Te{K),Te{K)){:f:)] = T,(K) o Rung(/) o T,,(K) 

Furthermore, by part (ii) of Remark VII. 15, Ti[K) — Ti(tj). Thus 

00 

Pf ^Pf{^,0)+Y.T,{U)oT^{f) + l E Te{U) o Rnngif) o Te {U) + g 
1=1 £,e'>i 
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VIII. The Enlarged Algebra 



The estimate of Theorem IV. 1 on VF'(V'), defined by 

was proven in the following way. We applied the results of Theorem 11.28, combined with the 
estimates on Wick ordering (Corollary 11.32) to get estimates on 

W'\i;) = nc{:W:^,c+D) = ^ci::W:^,D: ^^^^ 
in terms of the norm of W. Then we used Corollary 11.32 again to estimate the norm of W 
in terms of the norm of W". The transition from W" to W = •.W":^^-d creates new two and 
four legged vertices, whose improved norm cannot be estimated by the technique of Section 
VI. This transition also creates new ladder diagrams. 

The same difficulty would occur if we tried to reduce the general case of Theorem 
VI. 10 to the special case D = by Wick ordering Su,c{f) at the end of the construction. 
Therefore we monitor the Wick ordering with respect to D throughout the construction. To 
do this we introduce fields (X't'P for these Wick contractions and use an analogue of the 
operator TIk,c oi Definition III. 4. 



Definition VIII. 1 

(i) Let Ki{ip-XX'i^'iC:C'-iV):' " :^i{^:C:C':^':C-iC':V) bc cvcu Grassmauu functions with 
Ki{ip; Lp\ ^, 0) = 0. For a Grassmann function (/(i/j; C; ^) we define 

g(Ki, • • • , C; = : // : ( n : ^^(V'; C, C, ^; C', ^) : c... ) : 
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(ii) For a Grassmann function K{'ip; (' , (p; ^, ^' ,r]) with K{'ip; , (p; ^, ^' ,0) = we define 
the operator by 

oo _ _ 

Qk{9)= Ej^Q{K,---,K){g) 

1=1 

In this definition, the fields C^dv involving the covariance C arc treated in the 
same way as in Section III. The fields are analogous to the fields rj and describe Wick 
contractions between g and the Ki. The fields (' are analogous to the fields ^' and describe 
Wick contractions among Ki. Similar to the ^ fields, the fields C are not integrated out 
and are later used for Wick contractions in further applications of Q^. In contrast to the 
^-fields, however, also Wick contractions between fields of g and kernels appearing in future 
applications of Qj^ have to be allowed. This is the reason for the field ^ that appears in the 
term g{il;; ( + tp; v)-<p,d in Definition VIII. l.i. 

The Definition VIII. l.i of Q was chosen so that 

:Q(Ki, • • • , Ke){g):^^D = R{■.K^:^,D. • ■ ■ , :K^:c,d)(:^:c,d) 

when Ki{'ip; (p; ^, rj) = Ki{'ip; C + C + 'P'l^i v)- This formula is proven in Lemma 
VIII.12.i.(i) Consequently 

for n — 0, 1, 2, • • •. From this one can deduce, as in Proposition VIII. 9, that 

/oo 
n=0 

where, given an even Grassmann function U{iIj;^) and a Grassmann function fii/j',^), 

MV;C;0 = /(^ + C;0 
K{i^;C,C,^;^,e,v) = U{i^ + C + C + ^;^ + e + v)-U{i^ + C + C + v>;^ + e) 

However, this formula would not be good enough to get an estimate on Su,c{-f-c+D)- At 
each application of Q^, the passage from gf('0; (; ^) to g{il>', C + VjV): that is the separation 
between the D- fields that are to be Wick contracted at the present step and those that are 
to be Wick contracted at a future step, leads to a deterioration in the norm: 

N{g{iP; C + r/); «) < N{g{iP; (; C); 2a) 

To see this, choose / = :g.c^^D- 
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by Remark 11.24. In iterated applications of Qj^ this deterioration in the norm would build 
up excessively. For this reason, we avoid Wick contractions at most steps of the construction 
and perform them only before and during steps in which overlapping loops are exploited. 
For bookkeeping of the partially Wick ordered fields in intermediate steps we introduce an 
enlarged algebra. 

VIII. 1 Definition of the enlarged algebra 
Definition VIII. 2 

(i) A Z2-gradcd vector space is a complex vector space E, together with a decomposition 
E = E+ (BE-. The elements of E+ are called even, the elements of E- odd. A graded vector 
space is a complex vector space E, together with a decomposition E = 0^^o ^m- Every 
graded vector space is considered as a 22-graded vector space with 

E+^ ^ Em E_= ^ Em 

r even r odd 

(ii) li E is a (^2-) graded vector space, the tensor algebra T{E) has a natural (^2-) grading. 
The symmetric superalgebra over E is denoted S{E) and is defined as the quotient of T{E) 
by the two sided ideal I{E) generated by 

a®h — h®a with a e Ej^ or 6 e 
a®h-\-h® a with a, 6 e E- 

It is a superalgebra, and it is a graded superalgebra if £^ is a graded vector space (see [BS]). 

Example VIII. 3 Let £" be a complex vector space. Setting E^ — {0}, E_ — E, we give E 
the structure of a 22-graded vector space in which all elements are odd. Then the symmetric 
superalgebra over E is the Grassmann algebra /\E over E. Setting E+ = E, E- — {0}, 
S{E) is the classical symmetric algebra S{E) over E. 

Remark VIII. 4 There is a natural isomorphism t between S{E) and the algebra S{E+) (g) 
/\ E_ , constructed in the following way: 
Observe that 

T{E) ^ Ef^' (g) E®^^ ® ■ • • (g) Ef^^ (g) E^""^ 
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Define the algebra homomorphism i' : T{E) S{E+) <^ f\E_ by 

i' (v^ (8) (8) • • • (8) i;+ (8) = (v^ ■ . . . ■ (8 {v^ ■ . . . ■ v~) 

for vl' e Ef'^\ G E'^"^\ Clearly I{E) lies in the kernel of i' , so i' induces an algebra 
homomorphism i : S{E) — > S{E^) (8) /\E-. One can check that l is an isomorphism. 

As S{E) and /\ E are subalgebras of the tensor algebra T{E), S{E) can also be viewed as a 

subalgebra of T{E) O T{E) ^ T{E). 

Definition VIII. 5 

(i) Let E he a complex vector space. The symmetric superalgebra S (/\ E) over /\ E (con- 
sidered as a graded vector space) is called the enlarged algebra //\ E over E. It is a graded 
superalgebra. 

(ii) Multiplication 

/i (8) • • • (8) /r I — > h--- fr 

defines an algebra homomorphism from the tensor algebra T(/\ E) to f\ E. The ideal E) 
of part (ii) of Definition VIII. 2 lies in the kernel of this homomorphism. Therefore it induces 
an algebra homomorphism 

Ev: //\E — > f\E 
called the evaluation map. It is graded, that is 

Ev(a;) e E when xe{//\E)^ 

(ii) If A is a superalgebra, we define the enlarged algebra over E with coefficients in A as the 
tensor product 

/^^E=A®/^E 

in the sense of Definition Il.l.iv. The evaluation map extends by ^-linearity to an algebra 
homomorphism 

Ev: //\^E^/\^E 

Remark VIII.6 

(i) /\E is identified with the subspace {/f\V)i of /f\V. 

(ii) Ev(a; • y) = Ev(a; • Ev(|/)) = Ev(Ev(a;) • y) for all x,y e //\V. 
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(iii) By Remark VIII. 4, there is a natural inclusion of /f\ E = S(^/\E)asa graded subalgebra 
of T{/\E) C T{T{E)) ^ T{E). 



VIII.2 Norm estimates for the enlarged algebra 

As in subsection III. 3, let A' = l\j^V' be the Grassmann algebra in the variables ij^i 
with coefficients in A. Furthermore let be a copy of V with generators corresponding to 
the fields ij^i. We will use the enlarged algebra 

over E with coefficients in A' . Elements of A will be written as Grassmann functions /(V'; C)- 
They are linear combinations of monomials of the form 

V'ii • • • • • • C-(i) ) ® (C(2) • • • C(2) ) ® ■ • • ® (C,.(-) • • • C(-) ) 

The evaluation map Ev : ^ — > /\^, E = Aa(^ ® ^) ^^P^ such, a monomial to 
'4'ii • • •V'i C (i) ■ • "C ci) C (2) ■ ■ -C-i^) ■ As in Remark VIII. 6, the Grassmann algebra /\a, E 
of Grassmann functions ^(V'; C) is viewed as a subspace of A. 

The evaluation map Ev : ^ — > /\^, E = Aa(^ ® ^) extends to a map 

Ev : /\ {v^^^ e • • • e ^ Aa'(^ ® ^^'^ ® ■ ■ ■ ® ^^""^^ - ® ^ ® ^^'^ ® • • • ® "^^''^) 

where V^^\ j = 1, • • • , r are copies of V with generators 

Definition VIII. 7 By Remark VIII. 6. iii, A can be viewed as a graded subalgebra of A' 
T{E) = A' (S) T{V). Therefore the family || • ||' of seminorms on the spaces A'^ (g) F®", 
introduced in subsection III. 3, induces a family of symmetric seminorms on the spaces Am' ® 
F®^ , which we again denote by || • ||'. This Definition extends the Definition of || • ||' given 
in subsection III. 3. Also, c is a contraction bound and b an integral bound for the covariance 
C with respect to these norms. 

Lemma VIII.8 Let f e Aa(^^ ® • • • K)- Then 

N'{EY{fy,a)<N'{f;a) 



Proof: Ev(/) is obtained from / by antisymmetrization. 
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VIII.3 Schwinger Functionals over the Extended Algebra 

Recall that for any even U{'ip;^) e /\^, V, the Schwinger functfonal with respect to 
U and C is the map from /\^, V to A' given by 

Su,c{fm = i / e^(^=^^/(V;e) d^^c{0 Z = j e^(^=« d^ic{0 

Also recall that for an even Grassmann function -fC(V', C ^7) the variables ^, 77 over 
the extended algebra A and any Grassmann function /(V'; C; C) ^ ^ 

Proposition VIII. 9 Let 

6e even and set 

K{^, c; e, e', = :?7(V' + c; e + e' + ^):c,^ - + c; e + o-<,d 

Let fii;; G Aa' ^ /(V^; C; = + C; O-CD e A^ ^- Then 

Observe that ^ (/) e A^ ^« that J jz^if) di^ciO e A- 

For the proof of this Proposition we use 
Lemma VIII. 10 Let be a Grassmann function and set 

/(^;C;0 = :/(V' + C;0:c,^ 

Furthermore, let n > 1. 

(i) Let ii, - ■ ■ ,in > 1 and let 

be even Grassmann functions with coefficients in A. Let 

Kjiii^; C; e', ^) = -Kjiii^ + C; e', ^):c,^ 
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considered as Grassmann functions in the variables ^, rj with coefficients in the enlarged 
algebra A. Then 

( n Rc{-Kji:^,D, - ■ ■ ,-Kje/-',p,D)){-f-'4,,D) 

= : / Ey[u^Rc{KJ^,...,KJe,){f))dMO^.^,o 

On the left hand side of the equation above, the operator Rc (defined in (III. 2) ) is considered 
over the algebra A' , while on the right hand side it is considered over the extended algebra A. 

(a) Let K{ilj;^,^',r]) be an even Grassmann function and 
Then 

Proof: (i) Let 

h{i^;0 = ■9{'^'^0-^,D = (^f[^Rc{-Kji:^,D,---,-Kj£/.^,D)^{:f:^,D) 
By part (ii) of Proposition A. 2, in the Grassmann algebra over A with variables ip, ^, rj 

H^ + C;0 = -9i^ + C;0-<,D = ( ft ^c(i^,i,---,i^,-^,))(:/:c,D) 

Hence, by the construction of A and Ev, 

+ CO = -9i^ + CO-CD = Ev[(^URc{Kj,,---,Kji.)){:f:^,D)] 



Therefore 



= y" Ev ( n i?c (i^, 1 , • • • , Kje, ) (/)) dfiD (C) 



(ii) follows from part (i) and Remark III. 6. 
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Proof of Proposition VIII.9: Set 



By Proposition III. 5, with tJ{i) replaced by :U{iIj;^):^^d and K{^,^',r]) replaced by 
•.K{ip; ^, r]):^^D, and part ii of Lemma VIII. 10 

By Theorem III.2 

J n>0 



We use the extended algebra to give 
VIII.4 A second proof of Theorem IV. 1 

Proposition VIII.ll Let U{ip; OJii^'^ ^ Ka'^ '^^^h U even. Set 

€,C 

/(V';0= -Jit^O:^,^ 

i.c 

Assume that c is a contraction bound for the covariance C and b is an integral bound for C 
and for D and that N(U; 8a)o < Then Su,cif) exists. If 

Su,cU)= ■■f'W--i^,D 

then 



iV(/'(V')-/(V';0);a)<^iV(/;4a)- 



N(U;Sa) 
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Proof: As above, set 

/(V';C;0 = :/(V' + C;0:c,^ 

By Remark 11.24 and Corollary 11.32 

N{K) < N{U;8a) 
N{f) < N{f-Aa) 

By Corollary III. 9, applied with A replaced by A 



h—{-f-^,c)--f-c,c = ■9{i^,C,0-<,c 



t-nK,c 



with 



Consequently, by Lemma IL31, 

1 



N' 



1 - nK,c 



= N'^J:gii;-X;0:^,cdi,c{0 

<iV'(^(V^;C;0) 



-N{U;8a) 



Observe that 



/:/: 



d^ciO = m C; 0) = + C; 0):c,d 



Hence, by Proposition VIILQ, with /(V'; replaced by :f{'ilj;^):^^c, Lemma IL31 and Lemma 
VIIL8 

iv(/'-/(V',o)) = iv'(/'-/(V,o)) 



< N' 

< N' 



J Ev( J j-^(:f\c)di,c{0--J{i^ + C,Oy<,D)di,D{0 



Ev 



(:/\c)rf//c(6-:/(V' + C,0):c,D 



/ {j^i--f\c) - ■.f\c) duciO 
<^N(f;Aa) ^^^^ , 
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Proof of Theorem IV. 1, again: By Remark Ill.l.i, with W replaced by :W:c+d 

- / {Stu,ciU)--W{iP):^,D)dt mod^o 

^0 



where 



Define // and / by 



Then 



■.flW:i.,D^Stu,c{U) 



W'ii;) - W{i;) = C (fiii;) - /(V^, 0)) dt modulo 

^0 

By Proposition VIII.ll, with Ut{ip;C) = tW{ij + 0, 



N{W' -W;a)< ma^^ N{f'M) - /(V', 0); a) 



^ _2_ N{W;lQaY 
— ofl 1 — \N{W;ie,a) 



2 

for aU W with N{W-^ lQa)o < Replacing a by 2a gives 

N(W' - W- 2a) < NiW;32ar 

for aU W with N{W; 32a)o < a^ . 



VIII.5 The Operator Q 

Lemma VIII. 12 Let /(^A, CiO Grassmann function over the extended algebra A and 
set :/'(V',C;0:c,^ = Ev(/). 

(i) Let Ki{^^ C\iii' iV)) i = • • • , i be Grassmann functions with Ki{i(;, (; ^, 0) = 0. Set 
Then 

Ev Rc{:Ki:c,D, • • • , ■.Kf.^,D){f) = i Q{Ki, Ki){f) : 
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(ii) Let K{i(;, ^, 77) be a Grassmann functions with K{il;, (; ^, 0) = 0. Set 
Then, when 'R-.k:i^^d,c is considered as an operator over A, 

Proof: Applying Remark VIII. 6 and Corollary A. 3 to the variable C we see that 

Ev(:Ki(V', C; e', vy<,D C; t vy<,D ■ fii^, C; v)) 

= Ev(:Ki:c,D :K,:c,d • Ev/(V', C; ry)) 
= Ev{:Kr.c,D :Ke:c,D-:f':c,D) 

Applying each of the following operations to both sides of this equation 

• Wick order each -.Ki-.c^^n with respect to C in the ^' variable. 

• Wick order the product f| - '.Ki ; f.c with respect to C in the r] variable. 

CD 

• Integrate using J • djicH' il)- 

• Wick order the result with respect to C in the ^ variable. 

yields Evi2c'(:-f^i:c,0' " " " ' 'Kf-c,D){f) on the left and :Q{Ki, • • • , Ki){f'):^^^ on the right. 

(ii) follows from part (i), the definition of and Remark III. 6. ■ 

As in subsection VII. 1, we define for Grassmann functions K2{ip; C,, C f, ^))" ■ ■) 
Ke{i{j; C, C'7 '^1 ?7 ^'7 v) ci-nd /{i/j, ^^e Grassmann function Q{K2, • • • , by 

g(K2,---,^^)(/)(^;C,C',<^;e,e',^) 

= ff:{ii:Ki{^-xx' + c", t e + e', v') : ^",0 ) : 

77 i=2 »7',C 

We have, as in Proposition VII. 1 

Proposition VIII. 13 Let C, C', ^, ''y), • " " ) -^^(V'j C) C) V'! ^5 ^'5 ^) be Grassmann 

functions with Ki{ilj; (, (p; ^, 0) = 0. Then for any Grassmann function fi^, Ci 

g(Ki,...,^,)(/)(V^,C;0 

= : // :Ki(^;C,C',v';e,e',r7):c'..;z, 

JJ e,v;C 

: 0(^2, • • • , Ki){f){il;; C, C', ^; ^, ^) : c',^;^ diioiC, f) d/^ci^', v) '..c 
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Lemma VIII. 14 Let Ki{i(;; CjC'jfiCjCjV)^ ^ = 1) " • " ) be Grassmann functions such that 
-^i(V') C) C) fi 0) = 0- Furthermore let /(V', C) C) ^'^y Grassmann function. Set 



C, = Q{Ki, Ki){:f:^,c){i^, (, 

Then 

iV(/i;a)< ^iV(/;2a) niV(Ki;a) 

iV(/i(v^,o,0;«)<^iV(/;«) ^iv(i^^;«) 

iV( g(i?2, ■ ■ ■ , Ki){:f:c,cy, a) < ^ iV(/; 4a) R N{Kf, 2a) 
iVimpr(7^Q(i^2,---,i^^)(:/:e,c);«) < ^ iVimpr (/; 4a) n iVi„pr(i?z;2a) 



Proof: Set /(V^; C, = f{^; C + V^', and 

■fi{^;C,C',<P,¥'';0-^,c = i :Rc{:Ki:c',Dr--,-K£:c',D){:f:^,c):^^^,.D 

where i^c is considered as an operator over the Grassmann algebra with coefficients in A, 
generated by ipiXi, Cl^ V^i- Then /i(V',C,0 = J Mi^'Xi Ci 'P, 'PiO dfJ'DiC' , ^) , and con- 
sequently by Lemma IL31 (twice, with C replaced by D), Proposition IIL7 and Remark 
IL24 

A^(/i) < A^(/2) < ^N{f)UN{K,) < ^N{f;2a) U N{Ki;a) 

i=i i=i 

When Q is set to zero, 



:/2(V';0,C',¥',¥'';0:e,C = |ri?c(i?i,---,i?^)(:/\c) = ^Rc{K,,---,K,){;.f:^^c) 
so 

iv(/i(V',o,o) < iv(/2(V',o,0) < ^N{f)Y{N{ki) 

i=l 

The proofs of the other inequalities are similar. 



C=o 
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IX. Overlapping Loops created by the second Covariance 



In this Section we prove Theorem VI. 10 in the general case. We assume that A is 
a superalgebra in which all elements have degree zero and that || • || and || • ||impr are two 
systems of symmetric seminorms on the spaces A V®" such that the covariances (C, D) 
have improved integration constants c, b, J for these families of seminorms. 

IX. 1 Implementing Overlapping Loops 

Proposition IX. 1 Let K{i(;;(^,(^',(f;^,^',rj) be an even Grassmann function such that 
^i'tp; Ci Ci 'P; C> 0) = 0. Decompose 

K = K' + K" 

where K' has degree at most two in the variables (p, rj and K" has degree at least three 
in these variables. Let f{'4>', C; C) be a Grassmann function, and set 

■9-^,c = QK{--f--i,c) '■9''-i,c = QK'{--f--i,c) 

Then, if a>2 and N{K; 2a)o < a 

The proof is analogous to the proof of Proposition VII. 4 and is given following 

Lemma IX. 2 Let K{'il;;(X':¥^'i^:C':'n) be an even Grassmann function that satisfies 
K{tp; C, C, V] C 0) = 0. Decompose 

K = K' + K" 

where K' has degree at most two in the variables (p, rj and K" has degree at least three 
in these variables. Let each of the functions K^^\ ■ ■ ■ , K^^^ be either K' or K" , and assume 
that at least one of them is equal to K" . Let f{'ilj; (; be a Grassmann function, and set 

\ Q{K^'\- ■ ■ , K^'^){:f:){t, C; = ■■fit, C; 0-<,c 

where:f: is shorthand for C; ^)-?,c- Then, if a > 2 

iVimpr(/';«) <j^JN{f;4a)N{K;2aY 
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Proof: We may assume that = K". Set 
By Lemma VIII. 14 

N{g) < ^ N{f- 4a) N{K; la)'-^ 

By Proposition VIII. 13 
Proposition VI. 4 implies that 

<j^JN{f;Aa)N{K;2aY 



Proof of Proposition IX. 1: By Definition VIII. lii 

oo oo 

9= J2 9£ 9' =Y.9'i 

where 

:ge: = ^ Q{K, ■ ■ ■ , K){:f:) 
■.g'f = iQiK',...,K%f:) 

Since 

Q{K,---,K)-Q{K'r--.K') 

= Q{K -K',K,---,K) + Q{K', K - K' , K, ■ ■ ■ , K) + ■ ■ ■ + Q{K', ■■■,K-K 
= Q{K", K,---,K) + Q{K', K", K,- ■ ■ ,K) + ■ ■ ■ + Q{K', K") 

it follows from Lemma IX. 2 that 

NiraAat-g'i) <^JN{f;4a)N{K;2aY 

Therefore 

00 

iVimpr(^ - < E N,^A9i -9',)<'-^ N{f; 4a) . 
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Proposition IX.3 Let K{i(;; (p; ^, rj) be an even Grassmann function of degree at most 
two in the variables (f, 77 and of degree at least one in rj. Write 



"0 >"1 >"2 >'T-3 
PI ,P2 .P3 



with Kno{nP2P3 ) e A[nQ,pi,p2,P2„ni,n2,n:i]. Let 

\ n\ 712 ■'^3 ' 

no,ni,pi niui 

be the part of K that has degree precisely one in (p, rj. 

Furthermore let T{i(;; (p; rj) be a Grassmann function that has degree two in the variables 77 
and degree at least one in the variable rj. Write T = Tn + T02 where Tn has degree one in 
(fi and T], and T02 has degree two in 77. Set 



+ [To2{t, 0; rj' + r/") - To2{t, 0; v') - To2{^P; 0; V')] 



Furthermore set 



Ki(v^;c,c',¥';e,e',^) 




V' K2 = 




and K = Ki+ K2, 



TmUt, <fi, <p"; V, v") : ^.,1 (V'; C + <fi, C, <p;^ + V, v) : .',n 

v' ,C 



v",c 
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K 




Finally let /(V'; C; ^) a Grassmann function and set 

f'ii;; C, <p; = Q{T) Q{K, K){:f:^,c){i^- C, 0, <p; 0, 0, 

■■fit, C, 0-<,C = Q{k){:f:^,c){t, C + ^-i) 

Then, ifa>2, 

iVimpr(/' - (/ + /); «) < ^ N{f; 4a) N{K; 4af N{T; 2a) 



The proof is similar to the proof of Proposition VII. 7 and is given following 

Lemma IX. 4 Let B{ilj;ip',(f";r]',r]") be a Grassmann function that has degree one in the 
variables i]' , degree one in the variables (/?", r]" and degree at least one in the variables r]" . 
Furthermore let H{il)] C, C, 7; ^, i]), K{i/); C, C, 7; ^, t]) be even Grassmann functions that 
vanish for i] = 0. Assume that H or K has degree at least two in the variables , 7, ry. Let 
fii^'iC'iO ^'^y Grassmann function and set 

gii^; C,v;C)^ JJ '. JJ B{tp; </?', rj', rj") : if (-0; C + ^ + ^', C, 7; ^ + v', v) : c.po 



'J{'^-X + 'P + i;v)--f,D djioil) diic{r]) 
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Then, ifa>2 

NimAg; «) < ^ N{B; a) N{H; 4a) N{K; 4a) N{f; 4a) 



Proof: In the proof we suppress the variable ip. We assume that K has degree at least two 
in the variables 7, r]. 

First we discuss the case that B has degree one in the variable rj' . Set 

/i(c,<^,7,c',¥'";e,^,e',V') 

= ff B{if',^"-r^',r^") :H{c + if + ^',C,C";^ + v',e,n:.',c"-^o 

■.f{C + v + i + C"; V + n : c^n df^oiv', C) d^icW, O 

f",C 

By Lemma A. 5, twice 




■.H{-,j-,r])K{-,j-,r]): -,,D : /(-, 7; ry) ; dnc{v)dl^D{7) 



^[[:H{...x''---,n-.c'',n:K{...,r--,v):.,o:f{---,^ + C'-,v + e'):.,c''-,n 

JJ €",C r,,C r,,(";C 

(IX.l) 

so 

^(C, V;0= ff: 7, C, e, ^, V") ■ C',.;n 

JJ e,v;C 

■ K{C + ip + (fi", C, 7; C + V", V) ■ ^"x'n-.D diioil, C) di^dv, v", CO 

ri" ,ri;C 

By iterated application of Lemma ILSl combined with Proposition n.33, first integrating 
J • diJ,c{'n')diJ,D{^') and then integrating J ■ diJ,c{C")dlJ^D{C"): and Remark n.24, several 
times, 

N{h) < ^N{B) N{H{<:+^W,<:'X"-4+v',^',^"); a) N{f{c+^+j+c";v+^"); a) 

< ^N{B) N{Hic + V, c, r ; e, e', n; 2«) ^^(/(c + 7; ^); 2«) 

< ^N{B)N{H-4a)Nif;4a) 

Since h, through B, has degree one in (/?", rj", only the part of K{( + (p + ip" , 7; C + ry", rj) 
that has degree at least one in in ip",r]" can contribute to g{C,(p',0- As K also has degree 
at least two in the variables C', 7, C') ^ and degree at least one in 77, Proposition VL4 implies 
that 

N,^Ag)<^N{h)N{K;4a) 

< ^ N{B) N{H;4a) N{f ■,4a) N{K;4a) 
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Next we discuss the situation that B has degree zero in the variable r]'. This imphes 
that B has degree one in (p' and degree one in r]". Set 



hic, 7, c, e, e,v,v')= ■.Hic+^+ c, r ; e + r ) 



C";-D 
€";C 

: /(C + + 7 + C"; ^ + n ■ c";n di^niC") di^cin 

i";C 

(i//r,(v7")'^A*c(V) 

Again by (IX. 1) 



9= ■ KC, V, 1, C, V, v') '■ v'.c'.t;d 



■ KC^ ^> 7, C, C', ^7, V') ■ v'x',~,:D djioi^', C, 7) d^cW, C', v) 

By Lemma 11.31, Proposition 11.33 and Remark 11.24 

Nih) < ^N{H;4a)N{f;4a) 
N{k) < ^N{B-a)N{K-Aa) 

Since k has degree at least one in r] and degree at least three in <^', 7, 77 we have 
A^impr(^) < ^N{h)N{k) < ^ N{H;4a) N{f;4a) N{K;4a) N{B) 



Proof of Proposition IX. 3: We again suppress '0 in the proof. By definition 

so that, by Lemma A. 7, recalling that T{(p', rj') is of degree two in </?', rj', 

f'iC, ^;0 = jj ■■T{V', V'y-v',c -.QiK, K){:f:){C + ^ + ^'-^ + V):^',^ di^oi^') di^civ') 
= jj :T{ip', rj') :^,^c:[:{:K{C + <p + cp', 7; ^ + V, e', v):c',n 

■.K{c + ip + <p', C, 7; e + v', v) : <',n ) : ^. 

f',C/ V, 



,D 



:/(C + + + 7;^); '.v',D di^D{C',^',l)dnc{^',V,v') 



v',c 
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JJ L \ €',r,';C 



+ 



T„,ix(<^', r/', 7]") : K(C + + C', 7; e + V, e', ^) ; .'.c';i. 

: K(C + ^ + C', 7; e + V', ^) : ^".c';i5 1 : 7.15 

»7",€';CJ ^7,0 

: /(C + + 7; ^) : 7,13 d/ioi^', C', 7) c?jwc(V, V, ^) 

7,,C 



(IX.2) 



The Tmix term in (IX.2) above differs from 

JJ -J-C v,C 

by 

't^U<p', v"-, V, V') ■.H{c + ip + if', C', 7; e + V, e', ^) : 

r,',5';C 

: iy(C + ^ + C, 7; e + V', ^) : ^",<';i5 1 : -^,0 

r,",f';cJ '7,C 

: /(C + <^ + 7; v) '■ 7.D d/iDi^p', (f", C, 7) c^/^c(V, V, v) 
T„iix(^', ry', v") ■.H{C + ^ + ip', C', 7; i + V, ^) : .'.cm. 

: ^-alC + v + C\ 7; ^ + ^7) : v=".c';D : 

r)",e':C J '7,C 

: /(C + + 7; ^) : 7,D d/ioi^', C', 7) diic{v',v"i v) 

ri,C 

where K = K. i + H. By Lemma IX. 4, the improved norm of this difference is bounded by 



+ 2 



3 ^ N{T^^- a) N{H- 4a) N{K- 4a) iV(/; 4a) 
< ^iV(T; 2a) iV(K;4a)2iV(/; 4a) 

We apply Lemma A. 5 to the variable (f' in the 2 :T((/?', ri'):r,>,c term of (IX.2). We get 



2 //:T(^' + ^";r70v,C 



(:x(C + ^ + v^',C',7;e + V,^',^);c'v 

C',0 ) . 7 



:/(C + </' + ¥'" + 7;^): .",7;i3 di^D{C,v^',p",i)diic{^',v,v') 
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As T has degree at most one in (f' + <^", this is equal to 



2 // :(:r(^';V)v,c :K(C + ^ + ^',C,7;^ + V,r,^):c'V;i. 




:K{C + if, c', 7; i\ v) '. CD ) : i,D 
: /(C + ^ + 7; v) : 7.15 c^//£»(C', 7) d/iciC, Vi v') 

n,C 



/ / \ f'.n':< 



€','7';C' 

:-f^(C + ¥',C',7;C,C',^): CD ) : ^.d 
: /(C + ^ + ^" + 7; v) : ^",7;D (^/^i)(C', v'", 7) di^ci^', V, v') 

r,,C 

Applying Lemma A. 5, with ^ replaced by 7 and ^' replaced by (p", to the second term, this 
is equal to 

2 JJ [{■.T{^';rj%,,c : i^(c + ^ + c^ 7; c + ^^ e^ ^) : 

: ^(C + '^^ C, 7; ^, ^) •' CD ) ; 7,D 

:/(C + ^ + 7;^): T.D diiD{Ci^',i)di^c{^\v,v') 

17, c 

+ 2 //:(Tn(7;V) :i^(C + ¥',C',7;^ + V,r,^); cd 

: -f^(C + V, C, 7; ^/) ; CD ) : t.d 
:/(C + </' + 7;^); 7;D diiD{C,i)di^c{^',v,v') 

r,,C 

:Ki{c + V, C, 7; ^) ; CD : i^(C + C, r, C, e', v) ; cd ) : ^.d 

:/(C + </' + 7;^?); 7,D diiD{C\l)diic{i' ,ri) 

+ 2 [[■(■.K2{C + v,C',r,^,e,v):c',n :i^(C + <^,C',7;e,e',^): cd) ; ..d 

JJ V «'.c 5',c/ '7.C 

'.f{C + f + T,v)'.^,D duD (C', 7) t^/ic(C', ^) 

r,,C 

So the 2 ■.T{(p',r]'):rj',c term of (IX.2) equals 

/i(C,^;0 + /2(C,^;0 

where 

:/2(C,V';0:c,C = 2Q{K2,K){:f:){C + ^-0 
As / = /i + /2, the Proposition follows. ■ 
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IX.2 Tails 



In this subsection let -fC(V'; C) C) ^7) be an even Grassmann function that has 

degree at least four in the variables V', C) C) ^7 such that K{^^\ C, C, ^, 0) = . 

We always write 

K= K„ (PiP2P3) with -fCno(^i''2P3 ) e ^[nO,Pl,P2,P3,?^l,?T'2,n3] 

\ nj T12 n3 / \ 712 / 

no."l."2."3 
P1,P2.P3 

Definition IX. 5 

(i) An n-legged tail with at least e external legs is a Grassmann function 

d>e rii+n2=n 

A n-legged tail is a n-legged tail with at least two external legs. 

(ii) If T is a two-legged tail we define the two-legged tail T o K hy 

{ToK){i;;<fi;v) = JJ ■.T{i;;<f';n%',c 

; Ko(piOps\{i(;-if'X',^;v',^',v)'.v',Dd^D{^')d^c{v') 

P3+"3=2 

Remark IX. 6 Again, a two-legged tail with two external legs is an end in the sense of 

Definition VL5. If K{ij-XX' , .v) = U{ij + C + C + + e + v) -Uii^ + C + C + ^-,^ + 

for some Grassmann function U{iJj;^) then ToK agrees with roRung(C/) of Definitions VI. 5 
and VI.8. 

Recall that we arc interested in the two- and four-legged contributions to the Grass- 
mann function f\ip) of Theorem VI. 10. As in Definition VII. 8 such contributions are ex- 
tracted by 

Definition IX. 7 The operator P maps '■f{ip;C'iO'<,c to f4,o,o{ip;0;0) + f 2,0,00^', O'lO), when 

/ = Eno,ni,n2 /no,ni,n2 with fno,m,n2 ^ A[nQ,ni,n2]. 

Definition IX. 8 Let T{ip;^p;rii) be an n-legged tail. 
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i) An element v of the norm domain is said to be an effective bound for T if 

Ar( j :T{i;-<f-riy.r,,ch{t,<f-,ri-,^^'\---,^^''^) df,c{v) ; «) < ^N{h;a) 

iVimpr( J :T{^-^-r]y.r,,ch{^-,ip-,mi^^\---.i^"^) di^civ) ; «) < ^iVimpr(/i; a) 
for all Grassmann functions h(ip; (p; 77; ^^^\ • • • , ^^'")) . 

ii) For u e Old, we write 

A/eff (T; a) < 1/ <(=^ is an effective bound for T 

Remark IX. 9 Proposition 11.33 and the fact that NimpviT; a) < N{T; a) imply 

N,ff{T;a)<N{T; a) 

Lemma IX. 10 Assume that K{'i/j-XX'j'^'i^iC'tV) has degree at most two in the variables 
ip, T} and that a >2. Let T be a two-legged tail with at least e external legs. If e > 4, 
then 

PQ{T)QK{:f:) = PQ{ToK){:f:) 

where :/: is shorthand for '■f'^,c- More generally, if e>2, there exists a one-legged tail ti 
with at least e + 1 external legs, a two-legged tail t2 with at least e + 1 external legs and a 
two-legged tail T{'ip; (p; rj) with at least e + 2 external legs and degree two^^^ in r] such that for 
any Grassmann function f{i(^; C; following holds: 
Set 

f'ii;) = P [Q{T)QK{:f:) - Q{T o K){:f:) -Q{ToK, T,{K)){:f:) - Q{t^ + + t)(:/:) 
where 

Then, 

iVimpr(/'; «) < ^ N{f; 4a) N{T; 2a) N{K; 4a) (l + ^N{K; 4a) 

Furthermore 

N{t^)<^N{T)N{K) 
N{t2)<^N{T)N{K) 
N,f[{T)<AN{T)N{K)^ 



Hence r is independent of (p. 
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Proof: The proof is similar to that of Lemma VII.ll. If :/^:^,c = Q{T)Q{K, K){:f:), 
with £ K's, then, as K is of degree at least two in ip, ^ and T is 2-legged with e external 
legs, fi has degree at least e + 2£ — 2. Hence 

P[Q{T)QK{:f:)] = P[Q{T)Q{K){:f:)] if e > 4 

P[Q{T)QK{:f:)] = P[Q{T)Q{K){:f:)] + ^P[Q{T)Q{K, K){:f:)] if e > 2 

The contribution PQ{T)Q{Kn,{ PI P2 P3 )^ vanishes unless 

• Pi + ni < 2, since otherwise Q(T)Q ( K.( viv2V3 )) is of degree at least one in C and 
P sets C to zero. 

• ni e {1, 2} since these fields must connect to t] fields of T and T has degree one or 
two in T] 

• P2 = n2 = since there is only a single K in PQ{T)Q (j^no ( pi P2 P3 ) j 

• P3 + 77-3 < 2 because K is of degree at most two in C, (p, rj. 

• 77-3 > 1 because K is of degree at least one in ij. 

• no + ni + pi + + p2 > 4 because K is of degree at least four overall. 

Hence 



'Q{T)Q{K) = PQ{T)q[ J: K.^..o^sj)+PQ{T)q[ J: K.^oopsj) 

^ Pl+ni=2 i 3 / \p3_|_„3=2 ' 

P3+"3=2 

+ Pg(T)Q( E K(..oo))+PQ(T)q(K(oo„; 

^pi+ni=2 ' ^ 



P[Q{T O + Q{k) + Q{h + t21 + t22)] 



where 



J P3+"3=2 



f I :T{i;; if'- iy.r,' ( E ^no ( l\ )) (^; V'', 0, 0; V, 0, ry)) t^/^z? {v') dl^civ') 

J J pi+r!.i=2 "1 



is a one-legged tail with at least e + 1 external legs 
t2i{ilj;(f;v) = ■T{ilj;<f';v'y-v'{Yl E Kno{pi°P3)){ilj;<f',0,(f;r]',0,r]))diiD{<f')dnc{v') 

J J no>l Pl+"1=2 "1 "3 

P3+"3=2 

is a two-legged tail with at least e + 1 external legs 
t22{t,<p;v)= fT^ii^;<p;r]'){ E i^no(?°?)(V'; 0, 0, 0; V, 0,7/)) d//c(V) 

J n()>2 

is a two-legged tail with at least e + 2 external legs 
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If e > 4, 

PQ{k) = PQih) = PQihi) = PQ{t22) = 
If e > 2, by Lemma 11.31 and Proposition 11.33, 

N{h), Nihi), N{t22) <^NiT)NiK) 

Furthermore k has degree at least one in the variable rj and degree three in the variables (p, rj. 
By Lemma IX. 2 and Proposition 11.33 

N,^p,{PQ{k){:f:)) <^JN{k;2a)Nif;4a) 

<^J N{T; 2a)N{K; 2a) N{f; 4a) 



We define the projection P' by 

P' {f{^; C; O) = Mi^; O; o) + f2{i^; O; o) 

Observe that 

P [Q{T)Q{K, K){:f:)] = P' [Q{T)Q{K, K) (:/:) (, 0, 0; 0, 0)] 

= P' [Q{T)Q{K, K){:f:){i;; 0, 0, 0; 0, 0, 0)] 

so that we can apply Proposition IX. 3. Modulo a term whose improved norm ATimpr is 
bounded by J# N(f; 4a) N(K; 4af N(T; 2a) 

P' [Q{T)Q{K, (:/:)(^; C, 0, 0; 0, 0, 0] 

= 2P[g(Ki,K)(:/:)] +2P[g(K2,K)(:/:)] +P[g(K)(:/:)] 

where Ki, K2, K are as in Proposition IX. 3. Since K.^i has degree at least three in -i/;, C, ^, the 
tail K has at least six external legs, so that P[Q{K) {:/:)] = 0. Similarly, as K2 has degree 
at least three in ip,C:^ and K has degree at least two in ipX:^: P[Q{^2: K){:f:)~\ — 0. As 
Ki and K have degree at most two in C ',(/?, ry and degree at least four overall, 

P[g(Ki,K)(:/:)] =P[g(Ti(Ki),Ti(K))(:/:)] +P[g(T)(:/:)] 
= P[Q{T o K,T,{K)){:f:)] + P[Q{r){:f:)] 

where 

T{ip;ip;r]) = 

E //(^i)2(o^20)(V.;0,C',0;0,e',r/) )(V;; 0, C', 0; 0, C', r/) d/x,,(0 c?)"c(e') 

P2+n2 = lJJ ^ ^ 
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is a two-legged tail with at least e + 2 external legs and degree two in 77. By Proposition 11.33 

n( E (^i)2(o-2O)(V;;0,C',0;0,e',r7)) 

= iv(^^:rn(V';^';V)v,c ( E_^^2(,i-o)(V';¥'',C',0;r7',e',r7)) d//c((^')^^/^c(V)) 
<^N{T)N{K) 
Therefore, by Proposition 11.33, for any Grassmann function h, 

iv( JJ :T{i;- if- r^):r,,c h{^- if- ry; • • • , C^^^) dtic^r,)) 

<^n( E (^i)2(o-o)(V';0,C',0;0,e',r7))iVWiVW 
<^N{T)N{KfN{h) 

Similarly, 

iVimpr(^:T(V';¥';r/):^,c/i(V';¥';^;e^'V--,e^"^) cJ/^c(r7)) < ^Ni^p,{T)Ni^p,{K)^ N,^^,{h) 

<^N{T)N{K)^N,^p,{h) 

Therefore 

iVeff(T)<4iV(T)iV(K)2 



Lemma IX.ll Assume that K{i(;;(,(',(fi;^,^',rj) has degree at most two in the variables 
C'lVi^'iV- Let Ti,T2 be two-legged tails. Then there exists a one-legged tailt\, a two-legged 
tail t2 and a two-legged tail r{'4>; rj) of degree two in rj, each with at least four external legs, 
such that for any Grassmann function f{i(^; (;^) the following holds: 
Set 

f'{^) = P [q(Ti, T2)Qx(:/:) - Q(Ti o T2 o K){:f:) - Q{t, +t2 + t)(:/:)] 
Then, ifa>2 

A^impr(/') < id N{f- 4a) N{Tr, 2a) NiT^, 2a) N{K; 4a) (l + ^^^^) 

and 

N{ti) < ^N{Ti)N{T2)N{K) 
N{t2)<^N{T^)N{T2)N{K) 
A^eff(T) < ^N{T^)N{T2)N{K)^ 
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Proof: The proof is similar to that of Lemma VII. 12. Again, if 

:U.^,C ^ Q{TuT2)Q{K, - ■ ■ ,K){:f:) 

with £ K's, then, as K is of degree at least two in V'jCjC ^i) ^2 are 2-legged with at 
least two external legs, fc has degree at least 4 + 2£ — 4. Hence 

P[g(Ti,r2)QK(:/:)] =P[g(Ti,T2)g(K)(:/:)] + |p[g(ri,r2)g(K,K)(:/:)] 



The contribution PQ(Ti,T2)Q ( i^nn ( piP2Pi)] vanishes unless 

V \ rai 112 na // 

• 77-0 = because Ti and T2 are each of degree at least two in ip. 

• pi + ni < 4, since otherwise Q(Ti,T2)QiKo( pi p2 ps ) ) is of degree at least one in ( 
and P sets ( to zero. 

• 77-1 > 2 since these fields must connect to r] fields of Ti, T2 which have combined 
degree at least two in 77 

• P2 = n2 = since there is only a single K in PQ{Ti,T2)Q ^i^no ( ^'i 

• P3 + 77-3 < 2 because K is of degree at most two in (p, 77. 

• 7i3 > 1 because K is of degree at least one in 7/. 

• 7ii + pi + 7i3 + p3 > 4 because K is of degree at least four overall. 

Hence 



P2 PZ 
112 "3 



P[Q{TuT2)Q{K){:f:)\ = P[g(tii + t2i + ^22 + t23)(:/:)] + i^[g(A;)(:/:)] 

where 

tn(^;(^;77)= // :Ti(V;; 77')T2(V'; V) : ( E i^o(-i°°)(0;^',0,0;77',0,77) 
t2i(^;(^;r7)= // :Ti(V;;^';77')T2(V';^';r7');.'.i. ( E i^o( -1 )(0; 0, ^; 77', 0, 77)) 

P3+"-3=2 

t22{t.^\ri) = II ■.T^{'iP;^;v')T2{ip-,'p'-,v'):r,',c{ E_ i^o(^i °°)(0; 0, ^; 77', 0, 77)) 

t23(V';^;^)= // ■.Mip;'p';v')T2{ip\'p;v'):„,,c( E i^o(^i°o)(0;^', 0,^:77', 0,77)) 

djioi'^') d^civ') 

k{ij;ip;r])= I I [T^iiP; ip; r]')T2{ij; ip; r]') : ( E i^o( °°-3 )(0; 0, 0, y^; 77', 0, 77))d//c(r7') 



P3 + "3 = 
"3>1 
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Here, each tij is a z-legged tail with at least four external legs, that, by Lemma 11.31 and 
Proposition 11.33, with £ = 2, fulfills 

N{Uj) < ^N{T,)N{T2)N{K) 

Furthermore k has degree at least one in the variable i] and degree three in the variables (p, rj. 
By Lemma IX. 2 and Proposition IL33 with 1 = 2 and a replaced by 2q;, 

iVimpr(PQ( A;) (:/:)) <^JN{k-2a)N{f-Aa) 

<^J iV(Ti; 2a)N{T2; 2a)N{K; 2a) N{f; 4a) 



By Proposition VIIL13 

Q{T^,T2)Q{K,K){:f:) = ' jj ■.Ti{iP;<p;r)):r,,c C, 0, ^; 0, r/) : dfiD{<p) dfic{v):^^c 

where g = Q{T2)Q{K, K){:f:). In particular 

PQ{T^,T2)Q{K,K){:f:) = P' jj :T,{i;;^;r]):r,,c :9{i^;0,0,<p;0,0,v): d^iD{^) d^ic{v) 
By Proposition IX. 3 

g^ip; 0, 0, (fi- 0, 0, ry) = v) + hii^; v) + gii^; ^; v) + Hi^; ^; v) 

where 

giit,'P;v) = '2QiKi,K){:f:){i;;ip;rj) 
U^^-.V.V) = mK2,K){:f-){^-^-i^) 
g{4;;ip;r]) = Q{K){:f:){^p-^-7^) 

and 

Nimprih) < ^ N{f;4a) N{K;4a)^ N{T2;2a) 
By Lemma 11.31 and Proposition 11.33, the improved norm of 

J I ■.Ti{i/;;(p;T]):^^c :h{'il};(p;ri): dfioiv) df^dv) 

is bounded by 

^A^impr(Ti)iVi„,pr(/i) < ^ N{f ■,4a) N{K;4a)^ N{Ti;a) N{T2;2a) 

58 



Observe that g has degree at least six, so that 



Similarly, g2 has degree at least five, so that 



Finally, the contribution to gi with ^'-degree two and overall degree four is + gi2, where 

~9ii = 2Q{t2oK, E ^^o(„^;o.3 ))(:/:) 



PI +"1 =2 
P3+"3=2 



~9i2 = 2Q{p, E i^o(„^j^40))(:/:) 

^ ri -i -\- n, -i =2 1 ^ / 



Pi +"1 =2 



where 



J J ^ Pl+7^1=2 "1 "■2 / 

P2+"'2 = l 

Then 

P'^ :Ti(V';^;r7):^,c i^iilV'; ^; ^) : ^.g d^ioi^) d^ic{ri) = 2P Q{T^ o K^T^o K){:f:) 
while 

with the two-legged tail, with four external legs and degree two in ry, 

T = 2j p{i;;C,^;e,v) p'{t,C,^;e,v)dMC)d^c{e) 

where p was defined above and 

J J ^ Pl+"1=2 "1 "2 / 

P2+"2 = l 

By Lemma 11.31 and Proposition 11.33, 

N{p) < ^N{T2)N{K) 

Nip') < ^N{n)N{K) 
By Lemma 11.31 and Proposition 11.33, with ^ = 2, 

N(^jj:T{iP;^;vy-v,ch{t,^;m^^'\---.&^)dMv)) < ^N{p)N{p')N{h) 

< ^N{T^)N{T2)N{KfN{h) 
for all Grassmann functions h. A similar estimate applies for the Mmpr norm so that 

iVeff(T) < ^N{T^)N{T2)N{Kf 
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Lemma IX.12 Assume that K has degree at most two in the variables (f, rj. Let T be 
a one-legged tail with at least three external legs. Then there is a two-legged tail t2 with at 
least four external legs such that for all Grassmann functions f{'4>'iCiC) 

P[Q{T)QK{:f:)\^P[Q{t2)m] 

and 

N{t2)<^N{T)N{K) 



Proof: The proof is similar to that of Lemma VII. 13. Since T is one-legged and K has 
degree at least four 

PQ{T) Qk = PQ{T)Q{K) 



= PQ{T)q( E = PQ{t2) 

with 



Definition IX. 13 The two-legged tails Ti{K) are recursively defined as follows: Ti{K) was 
defined in Lemma IX. 10, and 

T£+i{K)^TioK ioie>l 



Remark IX. 14 

(i) Clearly Tg{K) has two external legs. Using Lemma 11.31 and Proposition 11.33 one proves 
by induction that for a > 2 

(ii) liK{^j-CX\v:i.i\v) = U{i^ + C + C + V:i + i' + v)-U{^ + C + C' + ^-.i + i') for some 
even Grassmann function U{il);^) then, by Remark IX. 6, Ti[K) — Ti{U). Recall that Ti{U) 
was defined in Definition VI. 8. 



IX. 3 Proof of Theorem VI. 10 in the general case 



First, we prove the analog of Proposition VII. 16 for the enlarged algebra. 
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Proposition IX.15 Let K{i(;;(;^,^',r]) be an even Grassmann function that vanishes for 
?7 = and has degree at least four overall. Set 



K{t. C, C, <p; e, v) = K{i^\ C + C + C', v) 

Assume that o; > 8 and N{K; 4q;)o < ^ • Furthermore let f{'ip; C; ^) be a Grassmann function. 
For each n> 1 there exists a Grassmann function hn{il^; f), a one-legged tail ti, a two-legged 
tail t2, each with at least three external legs and a two-legged tail t{;iI:\ </?; ry) with at least four 
external legs and of degree two in rj such that 

p/Ev7^-^,^^,c(:/:,,c)d/.,,(C) = P[Q(T„(K))(:/:^,c) + i E Q(T,(K), T,,(K))(:/:^,c) 

J ^'-^ L e,e'>i 

max{£,£'}=n 

+ Q{ti + t2 + T){:f:^,c)]+hn{ij;f) 

and 

n—1 - _ 

iVimpr(/^n(V';/);«) < ^ E ^ f-lmK-Z) N {F^- f)' Ao) 

m=0 2a V . ; 

where 

:F^(V^;/):,,c=Ev7^:^^^^,c(:/:,,c) 

Proof: Decompose 

K = K' + K" 

where K' has degree at most two in the variables C, (/?, r] and K" has degree at least three 
in these variables. 

We perform induction on n. For n = 1, by Lemma VIII. 12. ii 



Ev7e:K:,,,,c(:/:|,o) =:Q^(:/:5,c):c,D 



CD 

and therefore 



Set 

hi{^P;f)^P{QK-QK'){--f-<,c) 

By Proposition IX. 1 

iVi..p.(/^i(V^;/))<^iv(/;4a) 4^^g,) 
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Since K' has degree at most two in the variables C,\ 77 and degree at least four overall 

PQK'=Pg(K.(ooo) + K(ooo) + K(ooj)) 

+ l^^(^2(o-)+i^2(ojo) , i^2(ooo)+i^2(oio)) 
+ I^Q(^2(ooo) + i^2(o-) , ^2(ooo) + i^2(ooi)) 

= PQ(Ti(K)) + PQ(ti + 12) + \PQ{T^{K),T^{K)) 



with 



tl = i^3(°-) + i^4(o-) 

t2 = K3(aoo)+X,^ooo) + i^3^ooi) + K4(ooi) + i y i^2(ooo) i^2(o-) d/Xc(0 

In particular 



7V(ti) < N{K) 

Nit,) < NiK) + ^ N{Kf < TZ^m 

Proposition, 11.33, with i' = 1, was used to bound the last term of t,- Lemma 11.31 and Propo- 
sition 11.33, with £ = 2, were used to bound J :T{ip; (p; rii):n,c h{ip; 77; ^^^\ • • • , ^(''^) diiciff) 
as in Definition IX. 8. 

Now assume that the statement of the Lemma is true for n. By Remark VIII. 6. ii 

By Lemma VIII.12.ii 

■.F,{^-J):^,c = QK{--f--^,c) 
The induction hypothesis therefore implies that 

py"Ev 7^?+J^^,c7^/:|;g) ^^i>(C) = ^/ev n^K:,,^^c{:-QK{--f-<,cy<,D) dMO 

= hn{i^;F,{i;-,f)) + PQ{Tr,{K)){Qj^{:f:^,c))+'^E P Q{Te{K),Tr{K)){Qji{:f:^,c)) 



— n 



+ PQ{t, + h+T){Qji{:f:^,c)) 

with 

iV(n), iV(*.) < 4(J,)"-' ,J^^ NMr) < ^ 
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and 



m=0 2a V . ; \ / 

By Remark VIII.G.ii 

\Fm{t. Fi (v^; /)) : |,c = Ev 7^:^:, ( : (V'; /) : |,c ) 

= Ev n7k..^ ^^c (ev 7^:K:c,.,c(:/; |,c)) 

Therefore 

m=l 2a V ' ^ 

Let ^ro be the difference between 

g(Tn(K))(Q^(:/:^,c)) + i E Ql^X^), (^)) (QxO/:^,c)) 

---^^■^'>=" + Q(ti + ^2 + r) {QK{-f-i,c)) 

and 

Q(T„(i?))(QK'(:/:^,c)) + | E Q(T,(K), T,.(K)) (Qk'(:/:c,c)) 



-41^'"'1=" + Q{ti + t2 + T) {Qk' (:/:^,c)) 

Let ■.f":^,D = QK{-f-^,c) - QK'{-f-i,c)- By Lemma VIIL14 and Definition IX.8 



if V is any effective bound for r. By Proposition IX. 1, Remark IX. 14 and the induction 
hypothesis, 

iVin^prM < y-N{f-Aa) [^A^(^r(l + 2 E gff) 
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Since 



£=1 



1- 



< 8 — s« 
< 



l-T^JV(K) 



< 



we have 



< 



1 



■ 2a 



NiK) 



1 1 

n— 1 ]^ 



<gaiv(/;4«) ,!fi;°^;,„) i8+ 



(i?;2a) 

By Lemma IX. 10 and Remark 11.24, there exists a one-legged tail tn, a two-legged 
tail t2i, each with at least three external legs, and a two-legged tail ti with at least four 
external legs and of degree two in r] such that 



Q{T^{K)){QK'i:f:^,c))\ = P[g(T„+i(K))(:/:^,c)] + i^CQlTn+ilK), Ti(K))(:/:^,c)] 

+ P[Q{tii + t2i + ri)(:/:^,c)] + 9i{^) 



with 



A^impr(^i) < ^ Nif; 4a) iV(T^(i?); 2a) iV(K; 4a) (l + ^N{K; 4a)) 
< ^ Nif; 4a) NiK; 2a) ^_ggg)^) 



< J^iV(/;4a)^ 



N{K;4a) 



and 



A^(tii), A^(t2i) < ^N{T^iK)) NiK) < ^NiK)^+' 
iVeff(Ti) < ^N{Tr,iK))NiK)^< ^NiK)-+' 

Similarly, for 1 < ^ < n, by Lemma IX.ll, there exists a one-legged tail and a two-legged 
tail ^ each with at least three external legs, and a two-legged tail r*-^-* with at least four 
external legs and of degree two in r] such that 



Q{T,iK),Tr,iK))iQK'i:f:^,c)) 



Q(T^+i(^),T^+i(i?))(:/:^,c) 
+ P[g(4? +4? +tW)(:/:^,c)] +92Ai^) 
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with 



A^impr(^2,^) < y iV(/;4a) iV(T^(K); 2a) iV(T,(K); 2a) iV(K; 4a) (l + ^iV(i?; 4«)) 
<^N{f-Aa)N{K;2ar{^N{K;2a)Y^^^^^ 



<^N{f;4a) N {K ; 2a)Y ^^^^^^ 



-N{K-4a) 



and 



n+e+2 



In particular 



A^impr(^l) + E iVimpr(^2/) < Jrr^e iV(/; 4a) ^ 



Af(A;4Q)""^ 



< 2V /vrf-4rv^ JV(K^+i 



iV(K;4a) l-4jAr(K;2a) 

+ 1 
la) 



Nefi{Ti + E ' + 2^ ) ^ i_ 1 iv(X) 

£=1 ^ ^ ' 

By Lemma IX. 12, there exists a two-legged tail t23 with at least four external legs such that 

Q(^i)(QK'(:/:e,c))] =P[g(t23)(:/:^,c) 
and, by the induction hypothesis. 



iv(t23) < AiV(ti)iV(i?) 



Also, by Lemma IX. 10 



Q{t',){QK'{■.^■.i,c))\ =J'[Q(tl4 + t24 + t25)(:/:^,c)] +^3 



where ti4,t24 are one- resp. two-legged tails with at least three external legs, fulfilling 

A^(ti4), A^(t24) < ^N{t2)N{K) 
^25 = ^2 o is a two-legged tail with at least four external legs fulfilling 

iV(t25) < ^N{t2)N{K) 
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and the term obeys 

Mmpr(^3) < ^ N{f;4a) N{t2;2a) N{K;4a){l + ^N{K;4a)) 

< ^ Mf-4a)4C 2 N{K;2ar N{K;4a) 

^ ^ -^^yj ^^^)^\^) l-^JV(K;2^ 1 \N{K;4a) 



Here we have used that Q{t2 o K,Ti{K)){\f\) has at least five external legs so that 

Pg(t2oK',Ti(K))(:/:) = 

For the same reason, the term ^^PQ[t) {:/:)" of Lemma IX. 10 also vanishes. 
Finally, by Lemma IX. 10, 

P[Q{r){QK'{:f:^,c))] = P[Q{t2e){:f:i,c) 

where ^26=^0 K' is a two-legged tail with at least four external legs. By Definition IX.8, 
N{t2e) < ^{^) effective bound v for r. Hence, by the induction hypothesis 



iV(t2e) < i ^ i^f9y NiK) 
Combining the results above, we see that 

+ 1 E PQ(T,(i?),r,,(K))(:/:^,c)l +i^Q(^'i+^2 + T')(:A,c) + /in+i(V';/) 

e,e'>i 

max{^, = 

with 



8 Af(K)"+^ 
a2"+2 l-4jiV(K) 



n-1 

/in+llV'; /) = hnit, Flit. /)) + goit + ^l(V') + \92,n{t + E ^2,^^^) + QZ 

one- resp. two-legged tails with at least three external legs 

n— 1 

^1 = ^11 + 2^12 + E ^12 + ^14 

n— 1 

^2 = ^21 + ^^22 + E ^22 + '^23 + ^24 + i^25 + ^26 

and the two-legged tail with four external legs and degree two in 77 

n-l 

E 

1=1 
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r' = Ti + iT(-)+ E'r^'^ 



By the estimates obtained above 



iV(t;), iV(ta < J, T^§Qy + ^N(k) [2JV(ti) + 2JV(f2) + iV(t2)] + ^ ,1%V(K) 



^ 12 iV(K)"+i 5 8 N"' Ar(^;Q)"+^ 
- a2" 1 — \N{K) """2 Va^j i — ^Ar(K;a) 



12 _i_ 5^ ^_8_^'^ JV(K2ar^ 



- (s" + 2) (aO ^ 

^ . /_8_>,n jV(i?;o)"+i 

- ^ la2j i_^Ar(K;a) 

AT (^'\ <r 8 Ar(K)"+^ 

iVeff(T) < l-^Ar(K) 



and 



n 

Nimprigo) + iVimpr(5'l) + E ^impr(5'2/) + Mmpr (fi'S ) 

r = l 

SO that 

Nimpr{hn+l{lp;f)) 

n 

< iVimpr(/in(V'; Fl{'^\ /))) + Mmpr(£fo) + iVimpr(£fl) + E Mmpr(£f2,^) + Ni^pM 

£' = 1 



<^ £ rff ;,,:) JV(F„(^;/); 4a) 

m=l 2a V ' / 



m=0 2cx ^ ' J 



since Fo('0;/) = /. ■ 

Corollary IX. 16 Let K{'iIj-, ^, 77) fee a Grassmann function that vanishes for r/ = and 
has degree at least four overall. Furthermore let f{'i/j; C,0 a Grassmann function of degree 
at least four in the variables i/^X^C- Set 

= P / Ev-— {:f:, c )di,n{C) " 0; 0:^,0 - E Q(T,(K))(:/:^,c) 

-I E Q(T,(K),T,,(K))(:/:^,c)l 
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If a>8 and N{K; 16q!)o < |q!, then 

iVin.p.W<^iV(/;16a) J^gl) 
// Kill;; C; C, ^) = ^^(V' + C; C + C + ^) - ^^(V' + C; C + r). « > 8 and N{U; 32a)o < |a, 

Proof: By Proposition IX. 15 

/r 1 1 °° r /" 1 

oo _ _ _ 

= E^'[Q(7>(^))(:/:^,c)]+| E P[g(T,(^),T,,(K))(:/:e,c)] 

oo 

+ j:h£{i^;f) + P[Q{h+h){:f:^,c)] 

with a one-legged tail ti and a two-legged tail t2, each with at least three external legs. As 
the degree of / is at least four, P[Q{ii + t2)(:/:g,c)] = 0. Set h{ip) = hi{il^:, /). Then, 

1=1 m=0 2a ^ ' ^ 

Define Fmiip; f) by 

Then, by Remark 11.24, followed by Lemma VIII. 8 and Lemma III. 8 
iV(F„(>/.;/);4a) < A'(F„(</.; /); 8a) 

< (3^ir^P|ff^)'"iV(:/:c,.;8a) 

SO that 

_ 2^° J iV(K;4a) 1 1 



a6 l-iiV(K;4a) l-^iV(K;4a) _ ^Ar(:K:c,g ;8a) 

l-7^A^(:-K':C,c;8a) 



iV(/;16a) 



^ 2^° J ^V(^^;4a) 1 1 Tul f. ic^N 

- a6 l-iiV(K;4a) l-^iV(K;4a) l-_i-^iV(:K:c.c^^^ U' "^O"; 

^ 2i»J iV(K;16a) 1 M ( f ■ ^ f\cy\ 

- l-iiV(K;16a) l-^iV(K;16a) \- {K^^'^ \J ' 



< 2"' J iV(K;16Q) Ar^f-1fin-l 
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If 

Kit, c; e, e', v) = t>(v + c; e + r + r/) - + c; e + eo 

so that 

Kii^; C, C, ^) = Kit, C + C + ^; e', ry) 

and 

■.Kit,C;^,e,vy<,D = J [ui^ + C + C;^ + e + v)-ui^ + C + C;^ + e)W-DiC) 

then, by Lemma 11.31 and Remark 11.24 

N{K;4a) < N{U;16a) 
N{:K:(^^d; 8a) < N{U- 32a) 

Consequently 



^ 2"' J jV(K;4a) 1 l Af/'f-lfi^'l 



- Q« i_iiV(t/;32a) l-^iV([/;32a) l--i^iV(;7;32a) V' ^ 



^ 2^° J Af([/;16a) 
— a6 l-^N{U-32a) 



Proof of Theorem VI. 10: Set 

Kit, c; e, e', v) = ui^+c,^+e+v)- + c; e + eo 

and 

Kit, c, c, e, e', ^) = i^iV'; c+c+v;i, e, v) 

= ui^ + C + C + v>;^ + e + v)-ui^ + <: + C + ^;^ + e) 

fit,C;0 = h^ + C;0 

By Proposition VIII. 9 

Su,cif) =5t;,c(:/(V';0;0:|;-)= : JJ Ev a-7^.;^^^^,, (:/: |;g ) c^/Xz.(C) : ^, 

so that 
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Therefore, by Corollary IX. 16 and Remark 11.24, there is g{i(^) with 

Pf = PmO)+^Q{T,{K)){:f:^,c)+'2 E Q(T,(K),T,,(K))(:/:^,c) 

L £=1 £,£'>! 

and 

iV,„p,te)<2^4||^iV(/;16a) 
Since / and K have degree at least four overall. 



+ 



PQ{Te{K)){:f:,,c) = Te{K)oT,{f) 



and by Remark VI. 9 



PQ{Tt{K),Te{K)){:f:,.c)^ T,(K) o Rung(/) o T,. (K) 



CD 



Furthermore, by part (ii) of Remark IX.14, Te{K) = Ti{U). Thus 



Pf' = Pf{i;,0)+j:UU)oTiif) + l J: T,{U)oRungCf)oT,,{U) + g 



1=1 
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X. Example: A Vector Model 



We consider a model, which while simple, still captures the main features of one 
scale of a many fermion model. Let he a finite set of at least two "colours" (Farben) and 
A" be a finite set of points in "space-time". Let V be the complex vector space with basis 
{ Cc,a; \ ceJ^, xeX} and V' be the complex vector space with basis { ipcx | c G J^, x e X }. 
Let C{x,x'), x,x' & X he a skew symmetric matrix and define the covariance 

C{^c,x,^c',x') = 5c,c'C{x,x') 

An antisymmetric function W on [J^ x X)^, with n even, is said to be colour preserving if it 
is of the form 

W{{ci,Xi),---{Cn,Xn)) = Ant [^ci ,C2 " " " ,c„«^(a^i , • • " , a^n)] (X.l) 

where Ant means antisymmetrization. An example, with n = 2, is the function dc,c'C{x,x'). 
An even element W of the Grassmann algebra /\V is said to be colour preserving if it is of 
the form 

W= ^ J2 Wn{{ci,Xi),---{Cn,Xn)) Cci,Xi--<Cr.,x^ 

with each coefficient function colour preserving. 

For p odd, we define the (0-dimensional) norm \\(p\\p of a complex valued function 
^ on (J^ X X)"" by 

= max sup sup lipUci, Xi), ■ ■ ■ {Cn, Xn))\ 

l<il<---<ip<n ^ ' TuGX 

Also, for a colour preserving function W on x A")", we define 

= inf < max sup ^ \w{xi^- ■ ■ ^Xn)\ satisfies (X.l) > 

I l<k<n x^eX ^jEX J 

Then 

n — p — 1 

\\W\\p<\J^\^- \\\W\\\ 



(X.2) 

W^lll < (n-l)!!||W^||^_i if \J^\> 



n 



In particular, if n = 4, 

llW^lli < 1^1 IIIW^III < 3|JP| \\W\ 
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Every element / e F®"' has a unique representation 



with ip a complex valued function on (JF x A')"^. We set 

= Ibllp 



Observe that, for each odd p, || • ||p is a family of symmetric norms on the spaces F®"^, in 
the sense of Definition 11.18. 

Proposition X.l Suppose that X is a disjoint union of two subsets Xa and Xc such that 
C{x, x') = if both X, x' e Xa or both x, x' e Xc 

Assume furthermore that there is a Hilhert space 7i and vectors Wx ^H, x & X such that 

C{x,x') = {wxiWx')q-i for all x e Xa-, x' e Xc 

Set 

b = 2 sup \\wx\\ 

c = sup \C{x^ x')\ 

Then (C, 0) has integration constants c, b for the configuration \\ ■ \\p of seminorms, in the 
sense of Definition VI. IS. 

Proof: We first verify that b is an integral bound for C with respect to each family || • ||p 
of seminorms. Set 

'^'cx = 5c®Wx 

where 5c is the function on !F which vanishes except at c and takes the value one there. Then, 
for all c, c' e J^, 

C{^c,xi Cc',x') = if both a;, x' e Xa or both x' e Xc 

and 

C{ic,x,ic\x>) = 5c,c> {Wx,Wx')t^ = {Wc,xiWc,^x')'H' ^ ^ '^a' ^' ^ '^^ 
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Furthermore 

lkc,ccllw' < \M\n < \ 

Let Vc (respectively V^) be the subspace of V generated by { ^c,a; | ^ ^ '^c c G j 
(respectively { ^c,a; | ^ ^ '^a-, c e ^ }). By Proposition B.l, 



As in Example 11.26, b is an integral bound for C with respect to each family || • ||p of 
seminorms. 

Also 



sup \C(^c,x,^c',x')\ = sup \C(x,x')\< sup ||Wa;|| llwll < X 0^'^) 

c.c'eT x,x'eX x,x'eX 

x,x' ex 



We now verify the contraction estimates of Definition VI. 13. Let 



f = v'{{cuXi),---{Cn',Xn')) ^cux,®---®^c^,,x^, ^V^""' 

CI , ■ ■ ■ ,c / 
^1 '■■■•^ra' 



and, for 1 < A; < n and 1 <k' < n'. 



*fe(ci,---,Cn) = sup ^ |v9((ci,a;i), ■■•(€„, a;„))| 

*fc'(c'i,---,c;o = sup ^ |^'((c'i,x;),---(c;,,x;,))| 



Observe that, for all 1 < A; < n, all 1 < zi < • • • < Zp < n and all Cj^ , • • • , Cj, 



^ $fe(ci,- • -,0^) < ||<^||p = ll/llp 



and similarly for 

For the first contraction estimate of Definition VL13, let 1 < i < n and 1 < j < n' . 
By the symmetry of the norms, it suffices to consider i = j = 1. Set 



n 

),(4,4),-«,,x^,)) = 22 v(( 



73 



Then 

l^n+1 

' ' n-\-7i —2 

In particular || Conc(/ /')|L = WlWv ■ 

Fix any 1 < ii < ••• < ip < n + n' — 2 and colours Cj^ , • • • , . Set = max {z^|v<n — l} 
with the convention that if { | i^/ < n — 1 } = 0, then = 0. Set Ji = + 1, • • • , jq = 
h + 1; j'l = ^g+i - + 2, • • • , jp_q = - n + 2 and 

d'y^ = Ci^+, u = !,■■■, p-q 
Also fix 1 < k < n + n' — 2. First assume that k < n — 1. We have, for all ci, • • • , c„-(.„'_2 

sup |7((ci,a;i),---,(Cn+n'-2,a^n+n'-2))| 

- XI *fc+l(<^'<^l''"'<^n-l) <^c,c'C $'l(c',Cn, •••,Cn+n'-2) 

c,c'€:F 

Now assume that q is odd. Then p — q is even and 

^ sup ^ |7((ci,a;i),---,(c„+„/_2,a;n+„/_2))| 

<C J] $fe+i(di,---,dn) sup Yl •••,<') 

^ '■'1' '■'p-g 



In the event that q is even, one obtains in a similar way that 



X X |7((ci,a;i),---,(Cn+n'-2,a;n+n'-2))| < C 

The case that k > n follows by interchanging the roles of / and /'. 

For the second contraction estimate of Definition VI. 13 it suffices to consider, by 
the symmetry of the norms, 11 Cone Cone Cone (/®/') 11 . Set 

l-«-n+l 2->n+2 3->-n+3 ^ 
7((c4,a;4),---(c«,a;„),(c4,a;4),-"(c^,,a;^,)) 

= ^ ip{{ci,Xl),---,{Cn,Xn)) Scj^^c[C{xi,x[)5c2,c'^C{x2,x'2)Sc3,c'^C{x3,x'^) (fi' {{c[,x[) ,■ ■ ■ ,{c'^, ,x'^,)) 

ci,c'^,C2,c^,C3,c^6J^ 
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Then 



Cone Cone Conc(/®/') 

l->n+l 2—>-n+2 3^n+3 



7((ci,Ki),-",(c„+„/_6,a;„+„/_6)) Cc 



,ci,a;i ^ Sc„+„/_e,a;„_,_„,_e 
a'i.---.a'„+„/_66-*^ 

Fix any 1 < ii < ■ ■ • < ip < n + n' — 6 and colours q^, ■ ■ ■ , q^. Set g = max {z/|z,^<n — 3}. 
Set ji = + 3, • • • , jq + j[ = iq+i - n + 6, • • • , j'p_g = ip-n + 6 and 

4^ = Ci^+, z/ = l,---,p-g 
Also fix 1 < /c < n + n' — 6. First assume that /c < n — 3. We have, for all ci , • • • , Cn+n'-6 £ ^ 



sup ^ \^{{ci,Xi),- ■ ■ ,{Cn+n'-6,Xn+n'-6))\ 

< ^k+i{di,d2,d3,ci,---,Cn-3) Sd^^d[Sd2,d'^Sds,d'^c[ sup \C{y,y') 

^[{d'l, (^2, ^3, Cn-2, • • • , Cn+n'-e) 
<b^C ^k+l{dl,d2,d3,Ci,- ■ ■ ,Cn-3)^'i{dl,d2,d3,Cn-2,- ■ ■ ,Cn+n'-6) 

by (X.3). Now assume that q is odd. Then 

sup ^ |7((ci,Xi),---,(Cn+n/_6,Xn+„'_6))| 

<b^c V $fe+i(di,---,dn) sup V 
' ■ 1/ 1/ 1/ ■ * 



<7' W rl' 

^ '■'1' '■'p-9 



Ig 117 llp-g+3 

The remaining cases are similar. 



Theorem X.2 Let W be a colour preserving function on {J-' x X)'^ and 



C4,X4 



he the associated interaction. Let 



'(ij) = nc{^:) ^log^ J e-^'-^'/'+^Ui^ciO where Z = j e^'-^^^i^ciO 
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and C is the covariance of Proposition X.l. Since C and W are colour preserving, we can 
write 



ici ,■ ■ - jXn GAT 



with colour preserving coefficients W^. If \\\W\\\ < 238^2,. |^| , then 

oo 



n=6 



with an = „ , , and 

" ^229b2c|J^| III Will' 



2111 — 

oo 



W^^lll < 26ib^c|J^| IIIW^IIP 



|||w"i-w^ + i Y^{-i2Y+^wo{Cowy\\\ <2^Vc iiiw^iii^ 

where W o (C o wy is the ladder 





r + lW's 

with r + 1 rungs W and propagator C, defined in Appendix C. 

Proof: Set J = ^. For / e V®", set 

11/11 = ll/lli + 1-^1 \\fh+\^? 

|impr=||/||l + |-F| ll/lls 
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By Lemma VI. 15, (C, 0) have improved integration constants c,b, J for the famihes || • || and 
II • llimpr of seminorms. By (X.2) 

IIW^II <2\T\ \\\W\\\ 

Let CKi = 8 and a e {cio, cti}- Then a > 8 and, using the notation of Definition IL23, 

N{W;Ua) = 224aVc||W^|| < 2''^a%'^t\r\ \\\W\\\ < 

since b^c \T\ \\\W\\\ < Therefore the hypotheses of Theorem VL6 are fulfiUed. By part (i) 
of Theorem VL6, 
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In particular 

oo 

^5]a"b"|K||i <2'^Vb'*c2|^|2 lll^l 



n=6 

SO that 



< 2^«c|:f|2 iii^i 



n=6 



By part (ii) of Theorem VI. 6 and Proposition C.4, both A^impr(W^2; 
A^impr(W"i - + I E~ i(-12)'"+'W^ o (C o WY; a) are bounded by 

2^° J N(W^;64q)^ ^ 96I 2i 4 2|-Tr| |||W|||2 

Using (X.2) 

ll|W^2lll < l|W^2l|impr = ^ M^pr (W^^i «) < 2^^hh\J^\ '"^^^"'^ 



Similarly, setting F = - + i E^i(-12)''+^W^ o (C o ly)'- 

llli^lll < 3||F||3 < ^||F||impr = ^4b2c|^| A^impr(i^; «) < 2«'^b2c |||W^| 

With a = ai = 8 , we get the desired bound. 



The shell, j > 1, of the many fermion model of [FKTfl] behaves qualitatively 
like the vector model that we have just discussed. The covariance for the j^^ shell of that 
many fermion model is 

where v^^^ (k) is approximately the characteristic function with support 

S, = {k^ (/co,k) e R X IR^ I ^ < K/co - e(k)| < ^ } 

To define seminorms in position space that mimic well, in our context, the supremum in 
momentum space, we introduce sectorizations. We choose a projection k T^rik) onto 
the Fermi curve F and a decomposition of the Fermi curve into disjoint intervals /i, ■ • ■ , /at 
each of length [ between and jj^/^. ■ The sectorization S is the collection of "sectors" 
se^7Tp\li)nSj, £ = !,■■■, N. 
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Let V be the complex vector space with basis { ips,xi fp8,x | s G S, x eJRx } and define 
the covariance^-*^) 

C{ilJs,x,iJs',x') = C{il;s,x,i^s',x') = C{iljs,x,i's',x') = Ss,s' / d^k e*'=-^C(^')(k) 

J 8 

The norms on V'^^ are similar to those of the vector model. In this case 
b^ = const c = const J = — const [ 



and the conclusions of Theorem X.2 become 



\W^\\\ < const ^ \\\W\f 



oo 



\Wi-W+l J^{-12Y+'^Wo{CoWY\\\ < const [ 

r=l 



for all four-legged interactions W whose norm \\\W\\\ is bounded by a sufficiently small, but 
J -independent, constant. 



We are deliberately ignoring many technical fine points; in particular, we ignore spin, smoothness 
of partitions of unity, factors of 27r. 
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Appendix C: Ladders expressed in terms of kernels 



Let F be a complex vector space and {^j} a system of generators for V that is 
indexed by z in a set X. 

Definition C.l 

i) Depending on the context, a complex valued function on is called a four legged kernel 
over X or a bubble propagator over 3C. 

ii) To a four legged kernel / over X we associate the Grassmann function 

*l,»2,j3,»4€X 

in the complex Grassmann algebra /\ V. 

iii) If A and B are covariances on V then the tensor product 

^ 5 (h , Z2 , Z3 , M ) = ^ (Ci 1 , Cis ) -B (Ci2 > Ci4 ) 

is a bubble propagator over X. In particular we shall consider the bubble propagator 

C=C^C+C^D+D^C 
where C and D are the covariances of Section V.2. 

iv) Let /i and /2 be functions on X^. The operator product of /i and /2 is 

(/l o/2)(n,i2,«3,«4) = E /l(n,«2,il,i2) /2(il,i2,«3,«4) 

whenever the sum is well-defined. 

v) Let / be a four legged kernel over X. The antisymmetrization of / is the four legged kernel 

(Ant/)(zi,Z2,Z3,M) = i XI Sgn(^)/(*'r(l),*7r(2),^7r(3), V(4)) 

Clearly Gr{^; /) = Gr{^; Ant/). The kernel / is called antisymmetric if / = Ant/. 
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Lemma C.2 Let 



E — ^ ^6202 (ii, 12, is, 14) V'iiV'i2^i3?i4 + 2e2ii (ii ,i2,i3,M) i^hi^iiCia^U^ 

*1,*2,«3,*4£X 

6e an enc? as in Definition VI. 5, where 6202 o,nd 6211 are /o«r legged kernels over X t/iat are 
antisymmetric under permutations of their four arguments. 

i)If 

= (^e202(»i,»2,i3,i4) V'iiV'i2^i3^i4 + Se'an (ii ,12,13,14) V'iiV'i2C'3^i4) 

*l,*2,i3,*4eX 

another end with antisymmetric four legged kernels 6202 <3ind 6211 t/ien 

E o = -2 Gr{i{;; 6202 o (C ® C) o 6202 + 6211 o{C^D + D^C)o e'^n) 

izjif 



P— X] (p0202(ii,»2,i3,i4)^ii^i2Ci3Ci4 + 2pil02(ii,*2,i3,»4)CiiCi2Ci3Ci4 

»l,i2,*3,»4€X 

+2po21l(ii,*2,i3,i4)^ii^i2C'3Ci4 + 4pilll(ii,i2,i3,i4)Cii62C'3^i4) 

zs a ritn^f wt/i antisymmetric kernels P0202, P1102, P0211, Piiii? ^^en 

Eop = -2 ^ (e202(«i,i2,i3,i4) V'iiV'i2Ci3^i4 + 2 €211 (ii ,i2,i3,»4) V'ii ^^12 C'3Ci4) 

«l,»2,i3,»4eX 

^202 = 6202 O (C (8) C) O P0202 + 6211 o(C®D + D0C)o piio2 

6211 = 6202 o{C <S>C) o P0211 + 6211 o(C(8)D + D(8)C)o piiii 
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Proof: i) 

EoE' = ^ 



'l.'-2.»3'»4 



e202(ji,«2,i3,i4) '4>i^'4>i2 '4i3^U-C + 2e2ll(ii,i2,i3,i4) 4'ii4'i2 daC 



»4 



[ 6202 (^1.^2 .^3 a) V'^lV'^2 '4l3^iA-C + 2e21l(£l AAA) V'^lV'^2 C^3^^4 C?/^C (C) C^/^O (C) 

- X] '^ii'^i2'^£i'^£2 4e2ii(ii,i2,i3,M) 6211(^1 AAA) £'(Ci3,C<;3)C'($i4 ,€^4) 



«1 .»2.»3.*4 
«1,£2,<?3.^4 



+ e202(ii,i2,i3,i4) 6202(^1 A A A) (C'(Ci3 ,^^3) C'(^i4,€«4) — C{^i^,^e^)) 
ViiV'i2V'^iV'^2 46211 (ii,i2jij2) e2ii(£iA,fei,fc2) -D(0i,Cfei)C(^,-2,$fc2) 



»1.»2.J1.J2 
^l,^2.'=l.fe2 



+ e202(»l,«2,jl,j2) 6202(^1 A, fel,fe2)C(^jj ,^fc^) C(^j2'^fc2) 

— e202(ii,«2,ii,i2) 6202(^1.^2, fe2,fci)C($jj,Cfe^) C(5j2'^fc2) 

ViiV'i2V'^iV'^2 (46211 o (C® i:)) o e2ii)(ii,i2,^iA) 



*l,»2,-tl,«2 



+ 2(e202 o (C® C) o e202)(«i.»2,^iA) 
= -2 ^ '^h'^iii^isi^ii (e2ii o (C(g)L' + L'(g)C) 06211) (ii,i2,i3,M) 



»1,»2,«3,*4 



+ (e202 o (C (g) C) o 6202) (^1,^2,^3,^4) 
For the last two equalities we used the antisymmetry of the kernels, 
ii) Similarly, 

Eop= '4'ii'4'i2 / / e202(»i,*2,i3,i4) :Ci3^i4-C + 26211 (ii ,12, i3,i4) CisC 

il.i2.*3.M 
«1,^2.'^3.'^4 



P0202(^i,-«2,-«3,-«4) '-^i-^^l^'-C PllQ2{ii,t-2,l3M) Cli^l'^ ^'iz^'u 

+ (2po2ii(^i,^2,^3,^4) :6i62:c +4piiii(^iA,^3,^4)C^i^^2) C^3C£4 dl^ciO dl^oiO 



^l,^2,^3,^A 



+ (e202 O [C ®C) O P0202)(ii,»2,i3,i4) 

- 4 J] V'^l^^2CU^4 [(^211 o (C ® D + ® C) o Pun) (ii,i2,i3,i4) 



«1,*2,*3,»4 



+ (e202 O (C (g) C) O P02I1) (ii,i2,i3,i4) 
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Lemma C.3 Let f be an antisymmetric four legged kernel and n >0. Set F = Gr{f;^) and 

E^{F)=E{F)op{F)op{F)---p{F) 
with n copies of p{F), where E{F) and p{F) were defined in Definition VI. 5. Hi. Then 

n{F)= /n(»l.»2,i3,»4)(VilV'i2Ci3Ci4 +2V'ilV'i2Ci3'^i4) 



*l,*2,»3,*4eX 



with 



f^ = (^{i2r+^ fo {Co fY 



Proof: Observe that 



il,*2,«3,*4 

ii, 12, 13,14 

(C.l) 

Since E[F) = Eo{F), this proves the case n = 0. We now perform induction on n. By 
Lemma C.2 and the induction hypothesis 

En+liF) = ^ ^e202(»i,»2,i3,i4) V'iiV'i2C'3Ci4 + 2e2ii(ii,i2,i3,i4) V'iiV'i2C'3Ci4) 

il,»2,*3,i4£X 

with 

6202 = 6211 = -2 Q [/„ O (C (8) C) O / + O (C D + D (g) C) O /] 
= -12/n oC o f ^ 



Proposition C.4 Let f be an antisymmetric four legged kernel. Set F = Gr{f]^) and let 
Lr{F) = E{F) o p{F) o • • • o p{F) o E{F) the ladder of length r > 1 with r - 1 rungs p{F). 
Then 

Lr{F) = (^(12)^+1 Gr{i;; / o (C o /)'") 

Proof: By Lemma C.2, Lemma C.3 and (C.l) 

Lr{F) = Er-l{F) o E{F) 

= -2 (tA; /.-I o (C C) o / + o (C D + L» ® C) o /) 

= -12Gr(V'; /,-ioCo/) 

= ^{12Y+'Gr{i;; f o {C o ff) 
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Notation 



Not'n 


Description 


Reference 


Z{f) 


degree zero component of / 


Definition Il.l.iii 


Av 


Grassmann algebra over V 


Example II. 2 




Grassmann algebra over V with coefficients in A 


Example II. 2 


Am[ni, ■■■,nr\ 


partially antisymmetric elements of Am ® '""■'-) 


Definition 11.21 




enlarged algebra 


Definition VIII. 5 


Ev 


evaluation map 


Definition VIII.5 




= e~^/^ ^ Grassmann Gaussian integral 


before Definition II. 3 




= log J e^^'^'^^^dndO renormalization group map 


Definitions II.3, 11.27 


S{f) 


~ z(uc) I /(O^^^^^ djicii) Schwinger functional 


before Remark III.l 


R 


/^-operator 


before Theorem III. 2 


Rc{Ki,---,Ke) 


Taylor coefficient of R 


(III.2) 




■ rr-e--K{i,^',vy-e _i- f(ri)duc(^')duc(v)' . 


Definition III. 4 


^C(i^2,---,i^£)(/) 


// : ( n -.K^it r + r, v):?-) /(^ + v) ^^/^cr) ^/^civ) 


(VII.l) 


•e .^,c 


— o j^j^-s^ yy (jx Qei mg 


O TT/ZiT* t-i J^T-v> Q "P 1^ II /I 

cIIIjcI XvcIliclIK 11.41 




coil LI aC LlUllb 


lyciiliiLiUlib 11. 11. c/ 




norm domain 


Definition 11.14 


c 


contraction bound 


Definition II.25.i 


b 


integral bound 


Definition II.25.ii 


c, b, J 


improved integration constants 


Definition VI. 1 


Ar(/;a) 


b2 ^Z^m,ni,---,nr.>0 " \\J m;ni,---,nr\\ 


Definition 11.23 




rung 


Definition VI. 5 


E{F) 


end 


Definition VI. 5 




ladder of length r 


Definition VI. 5 


II ■ lip 


configuration of seminorms 


Definition VI. 13 


p 


projects to /4,o(^/', 0) + /2,o(V',0) 


Definition VII.8 




enlarged algebra analog of Rc{Ki, ■ ■ ■ , Ki) 


Definition VIII. 1 




Grassmann function 


Definition C.l.ii 


o 


convolution 


Definition C.l.iv 
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